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Segmentation

Detection

[Taken from Kooi et al. MedIA 2017]

T. Kooi et al. / Medical Image Analysis 35  (2017) 303–312 305 

Fig. 1. Illustration of the candidate detection pipeline. A candidate detector is 
trained using five pixel features and applied to all pixesl in all images, generating a 
likelihood image. Local optima in the likelihood image are used as seed points for 
both the reference system and the CNN. (See Fig. 2 ). 

Fig. 2. Two systems are compared. A candidate detector (see Fig. 1 ) generates a set 
of candidate locations. A traditional CAD system (left) uses these locations as seed 
points for a segmentation algorithm. The segmentations are used to compute region 
based features. The second system based on a CNN (right) uses the same locations 
as the center of a region of interest. 
ciousness. Non-maximum suppression was performed on this im- 
age and all optima in the likelihood image are treated as candi- 
dates and fed as input to both the reference feature system and 
the CNN. For the reference system, the local optima in the likeli- 
hood image are used as seed points for a segmentation algorithm. 
For the CNN, a patch centered around the location is extracted. An 
overview of the first stage pipeline is provided in Fig. 1 . Fig. 2 il- 
lustrates the generated candidates for both systems. 
3. Deep convolutional neural network 

In part inspired by human visual processing faculties, CNNs 
learn hierarchies of filter kernels, in each layer creating a more ab- 
stract representation of the data. The term deep generally refers 
to the nesting of non-linear functions ( Bengio, 2009  ). Multi Lay- 
ered Perceptrons (MLPs) have been shown to be universal function 
approximators, under some very mild assumptions, and therefore, 
there is no theoretical limit that prevents them from learning the 
same mapping as a deep architecture would. Training, however, 
has been shown, mostly empirically, to be far more efficient in a 
deep setting and the same function can be represented with fewer 
parameters. Deep CNN’s are currently the most proficient for vi- 
sion and in spite of the simple mathematics, have been shown to 
be extremely powerful. 

Contemporary architectures roughly comprise convolutional, 
pooling and fully connected layers. Every convolution results in 
a feature map, which is downsampled in the pooling layer. The 
most common form of pooling is max-pooling, in which the max- 
imum of a neighborhood in the feature map is taken. Pooling in- 
duces some translation invariance and downscales the image to re- 
duce the amount of weights with each layer. It also reduces loca- 
tion precision, however, rendering it less suitable for segmentation 
tasks. The exact merit of fully connected layers is still an open 

research question, but many studies report an increase in perfor- 
mance with these in the architectures. 

If we let Y k L denote the k th feature map of layer L , generated by 
convolution with kernel W k , it is computed according to: 
Y k L =  f (W k L ∗ Y L − 1 + b k L ) (1) 
with ∗ the convolution operator and f ( ·) a non-linear activation 
function and b k L a bias term. Traditional MLPs use sigmoidal func- 
tions to facilitate learning of non-linearly separable problems. 
However, Rectified Linear Units (ReLU): 
f (a ) =  max (0 , a ) (2) 
of activation a , have been shown to be easier to train, since the 
activation is not squashed by asymptote in the logistic functions 
( Nair and Hinton, 2010 ). The parameters ! are typically fit to the 
data using maximum likelihood estimation: 
arg max 

!
L (!, D) =  arg max 

!

N ∏ 
n = 1 h (X | !) (3) 

where h ( X | !) produces the posterior probability of sample X . Tak- 
ing the logarithm and negating it to put it into a minimization 
framework for convenience, will yield the cross-entropy loss: 
− ln [ P (D| !)] =  − N ∑ 

n = 1 yh (X ;!) + (1 − y )(1 − h (X ;!))] (4) 
where y indicates the class label. This can be optimized using gra- 
dient descent. For large datasets that do not fit in memory and 
data with many redundant samples, minibatch Stochastic Gradient 
Descent (SGD) is typically used. Rather than computing the gra- 
dient on the entire set, it is computed in small batches. Standard 
back propagation is subsequently used to adjust weights in all lay- 
ers. 

Although powerful, contemporary architectures are not fully in- 
variant to geometric transformations, such as rotation and scale. 
Data augmentation is typically performed to account for this. 
3.1. Data augmentation 

Data augmentation is a technique often used in the context of 
deep learning and refers to the process of generating new samples 
from data we already have, hoping to ameliorate data scarcity and 
prevent overfitting. In object recognition tasks in natural images, 
simple horizontal flipping is usually only performed, but for tasks 
such as optical character recognition it has been shown that elas- 
tic deformations can greatly improve performance ( Simard et al., 
2003 ). The main sources of variation in mammography at a lesion 
level are rotation, scale, translation and the amount of occluding 
tissue. 

We augmented all positive examples with scale and transla- 
tion transformations. Full scale or translation invariance is not de- 
sired nor required since the candidate detector is expected to find 
a patch centered around the actual focal point of the lesion. The 
problem is not completely scale-invariant either: large lesions in 
a later stage of growth are not simply scaled-up versions of re- 
cently emerged abnormalities. The key is therefore to perform the 
right amount of translation and scaling in order to generate re- 
alistic lesion candidates. To this end, we translate each patch in 
the training set containing an annotated malignant lesion 16  times 
by adding values sampled uniformly from the interval [ − 25 , 25] 
(0.5 cm) to the lesion center and scale it 16  times by adding val- 
ues from the interval [ − 30 , 30] (0.6  cm) to the top left and bot- 
tom right of the bounding box. After this, all patches including the 
normals were rotated using simple flipping actions, which can be 
computed on the fly to generate three more samples. This results 

Image Enhancement

[Taken from Oktay et al. MICCAI 2016]

Multi-input Cardiac Image Super-Resolution Using CNNs 247

Fig. 1. The low resolution image (a) is upscaled using linear (b) and cubic spline (c)
interpolations, and the proposed method (d) which shows a high correlation with the
ground-truth high resolution image (e) shown on the rightmost.

to link low and high resolution (LR-HR) image patches. Single image SR meth-
ods, based on the way they utilize training data, fall into two categories: non-
parametric and parametric. The former aims to recover HR patches from LR
ones via a co-occurrence prior between the target image and external training
data. Atlas-based approaches such as the patch-match method [15] and non-local
means based single image SR [10] methods are two examples of this category.
These approaches are computationally demanding as the candidate patches have
to be searched in the training dataset to find the most suitable HR candidate.
Instead, compact and generative models can be learned from the training data
to define the mapping between LR and HR patches. Parametric generative mod-
els, such as coupled-dictionary learning based approaches, have been proposed
to upscale MR brain [14] and cardiac [3] images. These methods benefit from
sparsity constraint to express the link between LR and HR. Similarly, random
forest based non-linear regressors have been proposed to predict HR patches
from LR data and have been successfully applied on diffusion tensor images
[1]. Recently, convolutional neural network (CNN) models [5,6] have been put
forward to replace the inference step as they have enough capacity to perform
complex nonlinear regression tasks. Even by using a shallow network composed
of a few layers, these models [6] achieved superior results over other state-of-the-
art SR methods.

Contributions: In the work presented here, we extend the SR-CNN proposed by
[5,6] with an improved layer design and training objective function, and show its
application to cardiac MR images. In particular, the proposed approach simpli-
fies the LR-HR mapping problem through residual learning and allows training
a deeper network to achieve improved performance. Additionally, the new model
can be considered more data-adaptive since the initial upscaling is performed by
learning a deconvolution layer instead of a fixed kernel [6]. More importantly, a
multi-input image extension of the SR-CNN model is proposed and exploited to
achieve a better SR image quality. By making use of multiple images acquired
from different slice directions one can further improve and constrain the HR
image reconstruction. Similar multi-image SR approaches have been proposed
in [11,12] to synthesize HR cardiac images; however, these approaches did not
make use of available large training datasets to learn the appearance of anatom-
ical structures in HR. Compared to the state-of-the-art image SR approaches
[6,15], the proposed method shows improved performance in terms of peak

Multi-input Cardiac Image Super-Resolution Using CNNs 247

Fig. 1. The low resolution image (a) is upscaled using linear (b) and cubic spline (c)
interpolations, and the proposed method (d) which shows a high correlation with the
ground-truth high resolution image (e) shown on the rightmost.

to link low and high resolution (LR-HR) image patches. Single image SR meth-
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to define the mapping between LR and HR patches. Parametric generative mod-
els, such as coupled-dictionary learning based approaches, have been proposed
to upscale MR brain [14] and cardiac [3] images. These methods benefit from
sparsity constraint to express the link between LR and HR. Similarly, random
forest based non-linear regressors have been proposed to predict HR patches
from LR data and have been successfully applied on diffusion tensor images
[1]. Recently, convolutional neural network (CNN) models [5,6] have been put
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Elementary stuff – Patterns 

17 years old 81 years old

74 years old30 years old

§ Patterns may exist in the data (correlations, relationships, dependencies, …)
§ Within images, e.g. liver is always right below the lungs,…
§ Between images and other info, e.g. brains age similarly and organs look alike
§ Patterns may arise due to nature or causal relationships
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Elementary stuff – Notation

§ Data representation: 

§ Continuous , discrete, categorical 

§ Supervised learning – mapping between features and labels

§ Unsupervised learning – learning distribution of features

{x1, . . . , xN , y1, . . . , yM} = {x,y} = {features, labels}

y = f (x|✓) , ✓ : Model parameters

p(x|✓), ✓ : Model parameters
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§ Determining the parameters based on examples - training

§ Prediction with learnt parameters - testing
§ Unsupervised learning – maximizing and predicting likelihood
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Elementary stuff – Learning and prediction

ŷ = f (x|✓⇤)

✓⇤ = arg✓ max
SY

s=1

p (xs|✓)

p (x|✓⇤)

{xs,ys}s=1,...,S

✓⇤ = arg✓ max
SX

s=1

d (f (xs|✓) ,ys)
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Elementary stuff – Regression example

{xs, ys}s=1,...,S

✓ = {a, b}

x: proximity
y: house price

y = f(x) = ax+ b

d (f (x|✓) , y) = (f(x|✓)� y)2
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Elementary stuff – Classification example

x: weight, height
y: gender

{xs, ys}s=1,...,S

Line is the point where y = 0.5

✓ : {a1, a2, b}

d (f (x|✓) , y) =
⇢

log{f(x|✓)}, y = +
log{1� f(x|✓)}, y = �

y = f(x) = p(gender=F)

= �(a1x1 + a2x2 + b)

�(z) =
1

1 + e�z
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Note 1: Predictors

Weight

Height

Age 

Shoe size 

….

Proximity to good schools

Number of rooms

Surface area

View

Garden

…



||Placeholder for organisational unit name / logo
(edit in slide master via “View” > “Slide Master”) 4/5/17Ender Konukoglu 10

Predictors in images

§ Multiple predictors
§ Complex spatial correlations between predictors
§ Two challenges to address

§ x=? 
§ F(x|!) = ? 
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Note 2: Variability

§ Two types of variation in predictors

§ Variation useful for prediction, e.g. inter-group variation

§ Variation not useful for prediction, e.g, intra-group variation

§ Models need to learn to use one and ignore the other
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Variation in high dimensions is a bigger issue
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Large amount of images to capture variability

4/5/17Ender Konukoglu 13

Different Individuals
D

iff
er

en
t T

im
e 

Po
in

ts



||Placeholder for organisational unit name / logo
(edit in slide master via “View” > “Slide Master”) 

§ Elementary stuff
§ Historical overview (supervised learning)

§ Univariate regression analysis
§ Multivariate analysis with linear models
§ Explicit feature selection methods – Random forests, Boosting
§ Deep learning

§ Closer look at Random Forests
§ Comparison to DL 
§ Cross-breeds
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Outline
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Goals for supervised learning in MIC

Prediction 
accuracy

Generalization 
across 

acquisitions

Interpretability
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Different algorithms on a model problem

17 years old 81 years old74 years old30 years old How old is she?

C
om

pl
ex

ity
 o

f f
ea

tu
re

s

Complexity of algorithms

P
re

di
ct

io
n 

P
er

fo
rm

an
ce

Need for labeled data



||Placeholder for organisational unit name / logo
(edit in slide master via “View” > “Slide Master”) 4/5/17Ender Konukoglu 17

Measurements and univariate analysis
x: volume of one anatomical structures

f(x|✓) = ax+ b

Pearson’s Correlation Coef.
Left Lateral Ventricle – 0.72

Right Lateral Ventricle – 0.72
Left Choroid Plexus – 0.71

Right Choroid Plexus – 0.73

§ Hand-crafted measurements
§ Correlation / regression analysis
§ Discovering statistical relations
§ Interpretation on specific structures
§ Statistical significance tests
§ Univariate and does not combine info
§ Difficult to extend to other problems, e.g. 

segmentation
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Different algorithms on a model problem

17 years old 81 years old74 years old30 years old How old is she?
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Few measurements and predictive analysis

§ Hand-crafted measurements
§ Multivariate
§ Need to extract meaningful measurements
§ Not trivial to extend to other problems
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[Sabuncu and Konukoglu, 2015]

x: volume of all anatomical structures

SVM, K-nearest neighbors, decision trees, LDA, …

f(x|✓) = ✓Tx+ b
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Different algorithms on a model problem
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Lots of measurements and feature selection 

§ Less hand-crafted and lots of measurements
§ Automatic selection of relevant features
§ Still hand-crafted to some extent
§ Needs more labeled data than before

+

-

Easily extendable
to other problems
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Weighted mean of closest 15 images

rms error: 8.543

r score: 0.944
r = 0.94

[Konukoglu et al. , 2013]

x: intensity differences between regions

Random Forest, 
Boosting Trees, …f(x|✓)
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CT Image Manual labeling Algorithmic result

[Konukoglu et al. , 2013]
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Different algorithms on a model problem
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Automatic Feature Construction –
Deep neural networks

§ Completely data-driven
§ Automatic extraction of task specific features
§ Not the first time this idea has been proposed
§ Needs a LOT more labeled data

Real age
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[Cole et al. arXiv, December 2016]

x: raw intensities / normalized intensities

Neural Networks
Convolutional Neural Networksf(x|✓)
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The mapping and feature extractors

x1

x2

x3

x4

x5

y1

Hidden layer I

Hidden layer II

y = f(x|✓)
= � (W3� (W2� (W1x+ b1) + b2) + b3)

Task specific feature extractors

ReLu Sigmoid
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Segmentation with convolutional networks

Image Ground truth Automatic Segmentation

Task specific convolutional filters at layer 1

[K. Tezcan, K. Chaitanya]
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Different algorithms on a model problem
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§ Elementary stuff
§ Historical overview (supervised learning)
§ Closer look at Random Forests

§ Basic algorithm
§ Same algorithm various tasks
§ Integrating context 
§ Interpretability 
§ [Amit & Geman 1997, Breiman 2001] 

[Criminisi, Shotton & Konukoglu 2011]
§ Comparison to DL 
§ Cross-breeds

10/24/16Ender Konukoglu 28

Outline
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Binary decision trees

: Node – n, internal or root

: Leaf node – l

parent

left child right child

Hierarchically nested binary tests
represented as a tree

: Split – Binary test
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Inference

A sample goes down the tree

�n(x) =

⇢
0, go left
1, go right
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A binary test at the root node
and each internal node

Leaf nodes hold predictions
Prediction depends on which 
leaf node sample lands on

ft(x|✓) = ylt
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Parameterization examples

�n(x) =

⇢
0, xj(n) < ⌧n
1, xj(n) � ⌧n

<latexit sha1_base64="3gmEg3xJCHl6o5UT0ZWg91+Jjo8="></latexit><latexit sha1_base64="3gmEg3xJCHl6o5UT0ZWg91+Jjo8="></latexit><latexit sha1_base64="3gmEg3xJCHl6o5UT0ZWg91+Jjo8="></latexit><latexit sha1_base64="3gmEg3xJCHl6o5UT0ZWg91+Jjo8="></latexit>

Histogram for classification Normal distribution for regression

ft(x|✓) = ylt
<latexit sha1_base64="xf0SDYOBFkvIfPQkaLR0QVD5QWY=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7vgtVOyAw8PzsfvRgw4ABOcLnOHXhVrjlilkzx8DzxJqSCpqi6Za/7F5Ek4CFQAVRqmuZMTgZkcCpYKOSnSgWEzokfdbVNCQBU042/mOED7XSw34kdYWAx+rviYwESqWBpzvzi9Wsl4v/ed0E/LqT8TBOgIV0sshPBIYI56HgHpeMgkg1IVRyfSumAyIJBR1dSYdgzb48T1rHtbOadXVSadSnaRTRHjpAVWShU9RAl6iJWoiiR/SMXtGb8WS8GO/Gx6S1YExndtEfGJ8//zuY6g==</latexit><latexit sha1_base64="xf0SDYOBFkvIfPQkaLR0QVD5QWY=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7vgtVOyAw8PzsfvRgw4ABOcLnOHXhVrjlilkzx8DzxJqSCpqi6Za/7F5Ek4CFQAVRqmuZMTgZkcCpYKOSnSgWEzokfdbVNCQBU042/mOED7XSw34kdYWAx+rviYwESqWBpzvzi9Wsl4v/ed0E/LqT8TBOgIV0sshPBIYI56HgHpeMgkg1IVRyfSumAyIJBR1dSYdgzb48T1rHtbOadXVSadSnaRTRHjpAVWShU9RAl6iJWoiiR/SMXtGb8WS8GO/Gx6S1YExndtEfGJ8//zuY6g==</latexit><latexit sha1_base64="xf0SDYOBFkvIfPQkaLR0QVD5QWY=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7vgtVOyAw8PzsfvRgw4ABOcLnOHXhVrjlilkzx8DzxJqSCpqi6Za/7F5Ek4CFQAVRqmuZMTgZkcCpYKOSnSgWEzokfdbVNCQBU042/mOED7XSw34kdYWAx+rviYwESqWBpzvzi9Wsl4v/ed0E/LqT8TBOgIV0sshPBIYI56HgHpeMgkg1IVRyfSumAyIJBR1dSYdgzb48T1rHtbOadXVSadSnaRTRHjpAVWShU9RAl6iJWoiiR/SMXtGb8WS8GO/Gx6S1YExndtEfGJ8//zuY6g==</latexit><latexit sha1_base64="xf0SDYOBFkvIfPQkaLR0QVD5QWY=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7vgtVOyAw8PzsfvRgw4ABOcLnOHXhVrjlilkzx8DzxJqSCpqi6Za/7F5Ek4CFQAVRqmuZMTgZkcCpYKOSnSgWEzokfdbVNCQBU042/mOED7XSw34kdYWAx+rviYwESqWBpzvzi9Wsl4v/ed0E/LqT8TBOgIV0sshPBIYI56HgHpeMgkg1IVRyfSumAyIJBR1dSYdgzb48T1rHtbOadXVSadSnaRTRHjpAVWShU9RAl6iJWoiiR/SMXtGb8WS8GO/Gx6S1YExndtEfGJ8//zuY6g==</latexit>

Binary stump
Oblique split

[Heath et al. 1993, Menze et al. 2011]

�n(x) =

⇢
0, �T

n x < ⌧n
1, �T

n x � ⌧n
<latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit><latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit><latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="QhcRTAl+5JCwJ9HZiEWr9TYJZyQ="></latexit><latexit sha1_base64="QhcRTAl+5JCwJ9HZiEWr9TYJZyQ="></latexit><latexit sha1_base64="JuumGUl+8q3gaVTphg+ODGhBfPY="></latexit><latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit><latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit><latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit><latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit><latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit><latexit sha1_base64="Y2876620TOEWrBZplfpXRswQ68A="></latexit>

Splits

Leaf node predictions

ylt = argmax
y

p(y|t, l)
<latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="7vnU/u/wJWO8hJIYfOHns/lHbc8=">AAAB+HicbZBLSwMxFIXv+Ky16ui2m2ARKkiZcaMuBMGNywqOLbR1yKRpG5p5kNwRh7ELN/4VNy5U/CXu/Demj4W2Hgh8nJNwc0+QSKHRcb6tpeWV1bX1wkZxs7S1vWPvlm51nCrGPRbLWDUDqrkUEfdQoOTNRHEaBpI3guHlOG/cc6VFHN1glvBOSPuR6AlG0Vi+Xc58vJPknLSp6rdD+uBnJKlmj3gkD3274tScicgiuDOowEx13/5qd2OWhjxCJqnWLddJsJNThYJJPiq2U80Tyoa0z1sGIxpy3cknS4zIgXG6pBcrcyIkE/f3i5yGWmdhYG6GFAd6Phub/2WtFHunnVxESYo8YtNBvVQSjMm4EdIVijOUmQHKlDB/JWxAFWVoeiuaEtz5lRfBO66d1dxrBwpQhn2oggsncAFXUAcPGDzBC7zBu/VsvVof07aWrFlte/BH1ucPPhiVpA==</latexit><latexit sha1_base64="7vnU/u/wJWO8hJIYfOHns/lHbc8=">AAAB+HicbZBLSwMxFIXv+Ky16ui2m2ARKkiZcaMuBMGNywqOLbR1yKRpG5p5kNwRh7ELN/4VNy5U/CXu/Demj4W2Hgh8nJNwc0+QSKHRcb6tpeWV1bX1wkZxs7S1vWPvlm51nCrGPRbLWDUDqrkUEfdQoOTNRHEaBpI3guHlOG/cc6VFHN1glvBOSPuR6AlG0Vi+Xc58vJPknLSp6rdD+uBnJKlmj3gkD3274tScicgiuDOowEx13/5qd2OWhjxCJqnWLddJsJNThYJJPiq2U80Tyoa0z1sGIxpy3cknS4zIgXG6pBcrcyIkE/f3i5yGWmdhYG6GFAd6Phub/2WtFHunnVxESYo8YtNBvVQSjMm4EdIVijOUmQHKlDB/JWxAFWVoeiuaEtz5lRfBO66d1dxrBwpQhn2oggsncAFXUAcPGDzBC7zBu/VsvVof07aWrFlte/BH1ucPPhiVpA==</latexit><latexit sha1_base64="/YMXEEtic4m3VXVEZ4T6JA0/PtQ=">AAACA3icbVA9SwNBEN2LXzF+nVqmWQxCBAl3NsZCCNhYRjAmkJzH3mYvWbK3d+zOiUdMYeNfsbFQsfVP2Plv3HwUmvhg4PHeDDPzgkRwDY7zbeWWlldW1/LrhY3Nre0de3fvRsepoqxBYxGrVkA0E1yyBnAQrJUoRqJAsGYwuBj7zTumNI/lNWQJ8yLSkzzklICRfLuY+XAr8DnuENXrROTez3BSzh7gWBz5dsmpOBPgReLOSAnNUPftr043pmnEJFBBtG67TgLekCjgVLBRoZNqlhA6ID3WNlSSiGlvOHlihA+N0sVhrExJwBP198SQRFpnUWA6IwJ9Pe+Nxf+8dgph1RtymaTAJJ0uClOBIcbjRHCXK0ZBZIYQqri5FdM+UYSCya1gQnDnX14kjZPKWcW9ckq16iyNPCqiA1RGLjpFNXSJ6qiBKHpEz+gVvVlP1ov1bn1MW3PWbGYf/YH1+QO4XpcE</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit>
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Inference at the forest level –
ensemble of weak learners

yl1 = f1(x|✓)
<latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit><latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit><latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="HSD8tov1wEgqo5lWz99HBsqQbRg=">AAAB+3icbZDNSgMxFIXv1L9aq1a3ggSLUDdlxo26EAQ3LitYW+jUIZNm2tDMD8kdsYzdufFV3LhQ8T3c+TZm2i609UDg45yE3Hv8RAqNtv1tFZaWV1bXiuuljfLm1nZlp3yr41Qx3mSxjFXbp5pLEfEmCpS8nShOQ1/ylj+8zPPWPVdaxNENjhLeDWk/EoFgFI3lVfZHnnMnyTkJPKfmhhQHfpA9jB9dHHCkR16latfticgiODOowkwNr/Ll9mKWhjxCJqnWHcdOsJtRhYJJPi65qeYJZUPa5x2DEQ257maTPcbk0Dg9EsTKnAjJxP39IqOh1qPQNzfzSfV8lpv/ZZ0Ug9NuJqIkRR6x6UdBKgnGJC+F9ITiDOXIAGVKmFkJG1BFGZrqSqYEZ37lRWge18/qzrUNRdiDA6iBAydwAVfQgCYweIIXeIN369l6tT6mbRWsWW278EfW5w+VY5b9</latexit><latexit sha1_base64="HSD8tov1wEgqo5lWz99HBsqQbRg=">AAAB+3icbZDNSgMxFIXv1L9aq1a3ggSLUDdlxo26EAQ3LitYW+jUIZNm2tDMD8kdsYzdufFV3LhQ8T3c+TZm2i609UDg45yE3Hv8RAqNtv1tFZaWV1bXiuuljfLm1nZlp3yr41Qx3mSxjFXbp5pLEfEmCpS8nShOQ1/ylj+8zPPWPVdaxNENjhLeDWk/EoFgFI3lVfZHnnMnyTkJPKfmhhQHfpA9jB9dHHCkR16latfticgiODOowkwNr/Ll9mKWhjxCJqnWHcdOsJtRhYJJPi65qeYJZUPa5x2DEQ257maTPcbk0Dg9EsTKnAjJxP39IqOh1qPQNzfzSfV8lpv/ZZ0Ug9NuJqIkRR6x6UdBKgnGJC+F9ITiDOXIAGVKmFkJG1BFGZrqSqYEZ37lRWge18/qzrUNRdiDA6iBAydwAVfQgCYweIIXeIN369l6tT6mbRWsWW278EfW5w+VY5b9</latexit><latexit sha1_base64="FzYti0uey0MdEJOx9hKXy9X6fzk=">AAACBnicbVBNS8NAEN34WetX1aMgi0Wol5J4sR6EghePFawttDFstpt26WYTdidiiL158a948aDi1d/gzX/jts1BWx8MPN6bYWaeHwuuwba/rYXFpeWV1cJacX1jc2u7tLN7o6NEUdakkYhU2yeaCS5ZEzgI1o4VI6EvWMsfXoz91h1TmkfyGtKYuSHpSx5wSsBIXukg9Zxbgc9x4DmVbkhg4AfZ/eihCwMG5Ngrle2qPQGeJ05OyihHwyt9dXsRTUImgQqidcexY3AzooBTwUbFbqJZTOiQ9FnHUElCpt1s8scIHxmlh4NImZKAJ+rviYyEWqehbzrHl+pZbyz+53USCGpuxmWcAJN0uihIBIYIj0PBPa4YBZEaQqji5lZMB0QRCia6ognBmX15njRPqmdV58ou12t5GgW0jw5RBTnoFNXRJWqgJqLoET2jV/RmPVkv1rv1MW1dsPKZPfQH1ucPHiKYYA==</latexit><latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit><latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit><latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit><latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit><latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit><latexit sha1_base64="XJm2EiOzsTxDHJhXtpm/d1SXFo4=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSxCvZREBOtBKHjxWMHaQhPDZrtpl24+2J2IIfbmxb/ixYOKV3+DN/+Nm7YHbX0w8Hhvhpl5Xiy4AtP8NgoLi0vLK8XV0tr6xuZWeXvnRkWJpKxFIxHJjkcUEzxkLeAgWCeWjASeYG1veJH77TsmFY/Ca0hj5gSkH3KfUwJacsv7qWvdCnyOfdeq2gGBgedn96MHGwYMyJFbrpg1cww8T6wpqaApmm75y+5FNAlYCFQQpbqWGYOTEQmcCjYq2YliMaFD0mddTUMSMOVk4z9G+FArPexHUlcIeKz+nshIoFQaeLozv1TNern4n9dNwK87GQ/jBFhIJ4v8RGCIcB4K7nHJKIhUE0Il17diOiCSUNDRlXQI1uzL86R1XDurWVcnlUZ9mkYR7aEDVEUWOkUNdImaqIUoekTP6BW9GU/Gi/FufExaC8Z0Zhf9gfH5Ax9imGQ=</latexit>

yl2 = f2(x|✓)
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…

…

yF = A
⇣
{ft(x|✓)}Tt=1

⌘

<latexit sha1_base64="p+djPR0F3nXwNRgMDNSqSOr4d74="></latexit><latexit sha1_base64="p+djPR0F3nXwNRgMDNSqSOr4d74="></latexit><latexit sha1_base64="p+djPR0F3nXwNRgMDNSqSOr4d74="></latexit><latexit sha1_base64="p+djPR0F3nXwNRgMDNSqSOr4d74="></latexit>

Aggregate individual tree predictions

Examples

p(yF = y) =
1

T

TX

t=1

� (ft(x|✓) = y)
<latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit><latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit><latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlse RiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="xRfZAcDC+nqDcRKt6q4OEOXSlSA=">AAACL3icbZBNTxsxEIZn+SiQQgm99mKBkMIl2uVCe0BCQkIcoUoAKU5XXmc2sfB+yJ5FrJb9X1z4E71x4cKBVv0T9YYc+BrJ1qv39cgzT5RrZcn37725+YXFT0vLK63Pq2tf1tsbq2c2K4zEvsx0Zi4iYVGrFPukSONFblAkkcbz6PKwyc+v0FiVpT0qcxwmYpyqWElBzgrbP/NOGR6xfVbuuIvHRsgqqKtezW2RhBXtB/WvHu Mj1CS4xpg6cUgdngiaRHF1Xd9wmiCJprnkRo0ntBO2t/yuPy32XgQzsQWzOgnbv/kok0WCKUktrB0Efk7DShhSUmPd4oXFXMhLMcaBk6lI0A6r6e4123bOiMWZcSclNnVfdlQisbZMIveyGdq+zRrzo2xQUPx9WKk0LwhT+fxRXGhGGWtAspEyKEmXTghplJuVyYlw/MjhbjkIwduV34v+bvdHNzj1YRm+wSZ0IIA9OIBjOIE+SLiFB3iCP96d9+j9faY1582wfYVX5f37D2rJq20=</latexit><latexit sha1_base64="xRfZAcDC+nqDcRKt6q4OEOXSlSA=">AAACL3icbZBNTxsxEIZn+SiQQgm99mKBkMIl2uVCe0BCQkIcoUoAKU5XXmc2sfB+yJ5FrJb9X1z4E71x4cKBVv0T9YYc+BrJ1qv39cgzT5RrZcn37725+YXFT0vLK63Pq2tf1tsbq2c2K4zEvsx0Zi4iYVGrFPukSONFblAkkcbz6PKwyc+v0FiVpT0qcxwmYpyqWElBzgrbP/NOGR6xfVbuuIvHRsgqqKtezW2RhBXtB/WvHu Mj1CS4xpg6cUgdngiaRHF1Xd9wmiCJprnkRo0ntBO2t/yuPy32XgQzsQWzOgnbv/kok0WCKUktrB0Efk7DShhSUmPd4oXFXMhLMcaBk6lI0A6r6e4123bOiMWZcSclNnVfdlQisbZMIveyGdq+zRrzo2xQUPx9WKk0LwhT+fxRXGhGGWtAspEyKEmXTghplJuVyYlw/MjhbjkIwduV34v+bvdHNzj1YRm+wSZ0IIA9OIBjOIE+SLiFB3iCP96d9+j9faY1582wfYVX5f37D2rJq20=</latexit><latexit sha1_base64="qJ0qwT+0lQ/6q1gPi07yZ/IG9iM=">AAACOnicbVDLSitBEO3xbXxFXbppDELchBk36kIQLohLlUSFdBx6OjVJY8+D7hq5wzj/5cafcOfGjYt7xa0fYE/MwldBN4dz6lBVJ0iVNOi6j87E5NT0zOzcfG1hcWl5pb66dm6STAvoiEQl+jLgBpSMoYMSFVymGngUKLgIrv9U+sUNaCOTuI15Cr2ID2IZSsHRUn79LG3m/hE9oPm2/ViouSi8smiXzGSRX+CBV161KeuDQs 4UhNgMfWyyiOMwCIu/5S3DISCvzDnTcjDEbb/ecFvuqOhP4I1Bg4zrxK8/sH4isghiFIob0/XcFHsF1yiFgrLGMgMpF9d8AF0LYx6B6RWj20u6ZZk+DRNtX4x0xH52FDwyJo8C21ktbb5rFfmb1s0w3OsVMk4zhFh8DAozRTGhVZC0LzUIVLkFXGhpd6ViyG1+aOOu2RC87yf/BJ2d1n7LO3Ubh3vjNObIBtkkTeKRXXJIjskJ6RBB7sgT+Uf+O/fOs/PivH60Tjhjzzr5Us7bO808rQQ=</latexit><latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit><latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit><latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit><latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit><latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit><latexit sha1_base64="GH+9lsgymDnavEnnEG3wvXgEUSc=">AAACOnicbVBNaxsxENU6beO6H3HTYy+ipmBfzG4pNDkYDIHQo1Ps2GC5i1aetYW1H0izoctm/1cu+RO59dJLD03ptT8gWtuH1u6AxOO9eczMC1IlDbruN6d28Ojxk8P608az5y9eHjVfHV+aJNMCRiJRiZ4E3ICSMYxQooJJqoFHgYJxsDqr9PEVaCOTeIh5CrOIL2IZSsHRUn7zc9rO/XPao3nHfizUXBReWQxLZrLIL7DnlV +GlM1BIWcKQmyHPrZZxHEZhMXX8prhEpBX5pxpuVhix2+23K67LroPvC1okW0N/OYdmyciiyBGobgxU89NcVZwjVIoKBssM5ByseILmFoY8wjMrFjfXtJ3lpnTMNH2xUjX7N+OgkfG5FFgO6ulza5Wkf/TphmGJ7NCxmmGEIvNoDBTFBNaBUnnUoNAlVvAhZZ2VyqW3OaHNu6GDcHbPXkfjN53T7vexYdW/2SbRp28IW9Jm3jkI+mTT2RARkSQG/Kd/CT3zq3zw/nl/N601pyt5zX5p5w/D858rQg=</latexit>

p(yF = y) =
1

T

TX

t=1

ft(x|✓)
<latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit><latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit><latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="SxhZMQZUOvqD3xGvdozDSL3CSG8=">AAACGHicbZDLSsNAFIZP6r3eqls3g0Wom5K4UZGCIIhLhdYWmhom04kdnFyYORFDzMO48VXcuNDixrdx0nbh7cAMP/8/hznn8xMpNNr2p1WZm19YXFpeqa6urW9s1rbWrnWcKsY7LJax6vlUcyki3kGBkvcSxWnoS971787KvHvPlRZx1MYs4YOQ3kYiEIyisbzaSdLIvHPSItm+udxAUZY7Rd4uXJ2GXo4tp7hpk8DDhhtSHPlB/lA8ujjiSPe9Wt1u2pMif4UzE3WY1aVXG7vDmKUhj5BJqnXfsRMc5FShYJIXVTfVPKHsjt7yvpERDbke5JMlC7JnnCEJYmVOhGTifu/Iaah1FvrmZTmp/p2V5n9ZP8XgaJCLKEmRR2z6UZBKgjEpiZGhUJyhzIygTAkzK2EjakCh4Vo1EJzfK/8VnYPmcdO5smEZdmAXGuDAIZzCBVxCBxg8wQu8wbv1bL1a4ymtijXDtg0/yvr4AsvqonA=</latexit><latexit sha1_base64="SxhZMQZUOvqD3xGvdozDSL3CSG8=">AAACGHicbZDLSsNAFIZP6r3eqls3g0Wom5K4UZGCIIhLhdYWmhom04kdnFyYORFDzMO48VXcuNDixrdx0nbh7cAMP/8/hznn8xMpNNr2p1WZm19YXFpeqa6urW9s1rbWrnWcKsY7LJax6vlUcyki3kGBkvcSxWnoS971787KvHvPlRZx1MYs4YOQ3kYiEIyisbzaSdLIvHPSItm+udxAUZY7Rd4uXJ2GXo4tp7hpk8DDhhtSHPlB/lA8ujjiSPe9Wt1u2pMif4UzE3WY1aVXG7vDmKUhj5BJqnXfsRMc5FShYJIXVTfVPKHsjt7yvpERDbke5JMlC7JnnCEJYmVOhGTifu/Iaah1FvrmZTmp/p2V5n9ZP8XgaJCLKEmRR2z6UZBKgjEpiZGhUJyhzIygTAkzK2EjakCh4Vo1EJzfK/8VnYPmcdO5smEZdmAXGuDAIZzCBVxCBxg8wQu8wbv1bL1a4ymtijXDtg0/yvr4AsvqonA=</latexit><latexit sha1_base64="e6brVMdkvT/d/gW+MXSshMXY79s="></latexit><latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit><latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit><latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit><latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit><latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit><latexit sha1_base64="EotmNuBgVc2z1a/B+onmCwapgpI="></latexit>

Classification Regression
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Example: segmentation

= x = {x1, . . . , xD}
<latexit sha1_base64="ZZRlSH6JgSSWP5P6JPFwYDsj0jc=">AAACB3icbVDNSsNAGNz4W+tf1KMHF4vgoZREBOuhUNCDxwrGFpoQNttNu3SzCbsbaQk9evFVvHhQ8eorePNt3LQ5aOvAwjDzDft9EySMSmVZ38bS8srq2nppo7y5tb2za+7t38s4FZg4OGax6ARIEkY5cRRVjHQSQVAUMNIOhle5334gQtKY36lxQrwI9TkNKUZKS7551HAjpAZBmI0msAHdbOTbVbcXK1kd+dfuxDcrVs2aAi4SuyAVUKDlm186jdOIcIUZkrJrW4nyMiQUxYxMym4qSYLwEPVJV1OOIiK9bHrIBJ5opQfDWOjHFZyqvxMZiqQcR4GezLeW814u/ud1UxXWvYzyJFWE49lHYcqgimHeCuxRQbBiY00QFlTvCvEACYSV7q6sS7DnT14kzlntsmbfnlea9aKNEjgEx+AU2OACNMENaAEHYPAInsEreDOejBfj3fiYjS4ZReYA/IHx+QMM4pjk</latexit><latexit sha1_base64="ZZRlSH6JgSSWP5P6JPFwYDsj0jc=">AAACB3icbVDNSsNAGNz4W+tf1KMHF4vgoZREBOuhUNCDxwrGFpoQNttNu3SzCbsbaQk9evFVvHhQ8eorePNt3LQ5aOvAwjDzDft9EySMSmVZ38bS8srq2nppo7y5tb2za+7t38s4FZg4OGax6ARIEkY5cRRVjHQSQVAUMNIOhle5334gQtKY36lxQrwI9TkNKUZKS7551HAjpAZBmI0msAHdbOTbVbcXK1kd+dfuxDcrVs2aAi4SuyAVUKDlm186jdOIcIUZkrJrW4nyMiQUxYxMym4qSYLwEPVJV1OOIiK9bHrIBJ5opQfDWOjHFZyqvxMZiqQcR4GezLeW814u/ud1UxXWvYzyJFWE49lHYcqgimHeCuxRQbBiY00QFlTvCvEACYSV7q6sS7DnT14kzlntsmbfnlea9aKNEjgEx+AU2OACNMENaAEHYPAInsEreDOejBfj3fiYjS4ZReYA/IHx+QMM4pjk</latexit><latexit sha1_base64="ZZRlSH6JgSSWP5P6JPFwYDsj0jc=">AAACB3icbVDNSsNAGNz4W+tf1KMHF4vgoZREBOuhUNCDxwrGFpoQNttNu3SzCbsbaQk9evFVvHhQ8eorePNt3LQ5aOvAwjDzDft9EySMSmVZ38bS8srq2nppo7y5tb2za+7t38s4FZg4OGax6ARIEkY5cRRVjHQSQVAUMNIOhle5334gQtKY36lxQrwI9TkNKUZKS7551HAjpAZBmI0msAHdbOTbVbcXK1kd+dfuxDcrVs2aAi4SuyAVUKDlm186jdOIcIUZkrJrW4nyMiQUxYxMym4qSYLwEPVJV1OOIiK9bHrIBJ5opQfDWOjHFZyqvxMZiqQcR4GezLeW814u/ud1UxXWvYzyJFWE49lHYcqgimHeCuxRQbBiY00QFlTvCvEACYSV7q6sS7DnT14kzlntsmbfnlea9aKNEjgEx+AU2OACNMENaAEHYPAInsEreDOejBfj3fiYjS4ZReYA/IHx+QMM4pjk</latexit><latexit sha1_base64="ZZRlSH6JgSSWP5P6JPFwYDsj0jc=">AAACB3icbVDNSsNAGNz4W+tf1KMHF4vgoZREBOuhUNCDxwrGFpoQNttNu3SzCbsbaQk9evFVvHhQ8eorePNt3LQ5aOvAwjDzDft9EySMSmVZ38bS8srq2nppo7y5tb2za+7t38s4FZg4OGax6ARIEkY5cRRVjHQSQVAUMNIOhle5334gQtKY36lxQrwI9TkNKUZKS7551HAjpAZBmI0msAHdbOTbVbcXK1kd+dfuxDcrVs2aAi4SuyAVUKDlm186jdOIcIUZkrJrW4nyMiQUxYxMym4qSYLwEPVJV1OOIiK9bHrIBJ5opQfDWOjHFZyqvxMZiqQcR4GezLeW814u/ud1UxXWvYzyJFWE49lHYcqgimHeCuxRQbBiY00QFlTvCvEACYSV7q6sS7DnT14kzlntsmbfnlea9aKNEjgEx+AU2OACNMENaAEHYPAInsEreDOejBfj3fiYjS4ZReYA/IHx+QMM4pjk</latexit>
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Training

= x1
<latexit sha1_base64="F+wdHlfiC7DXu2K+rWIp+x2D4mg=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHZFsB6EghePFVxbaNeSTbNtaDZZkqxalv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39Oy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+64EqzaS4NeOEBjEeCBYxgo2V7i+7MTbDMMqeJj0P9SpVt+ZOgRaJV5AqFGj2Kl/dviRpTIUhHGvd8dzEBBlWhhFOJ+VuqmmCyQgPaMdSgWOqg2yaeoKOrdJHkVT2CYOm6u+NDMdaj+PQTuYh9byXi/95ndRE9SBjIkkNFWR2KEo5MhLlFaA+U5QYPrYEE8VsVkSGWGFibFFlW4I3/+VF4p/WLmrezVm1US/aKMEhHMEJeHAODbiGJvhAQMEzvMKb8+i8OO/Ox2x0ySl2DuAPnM8fb9WR+w==</latexit><latexit sha1_base64="F+wdHlfiC7DXu2K+rWIp+x2D4mg=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHZFsB6EghePFVxbaNeSTbNtaDZZkqxalv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39Oy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+64EqzaS4NeOEBjEeCBYxgo2V7i+7MTbDMMqeJj0P9SpVt+ZOgRaJV5AqFGj2Kl/dviRpTIUhHGvd8dzEBBlWhhFOJ+VuqmmCyQgPaMdSgWOqg2yaeoKOrdJHkVT2CYOm6u+NDMdaj+PQTuYh9byXi/95ndRE9SBjIkkNFWR2KEo5MhLlFaA+U5QYPrYEE8VsVkSGWGFibFFlW4I3/+VF4p/WLmrezVm1US/aKMEhHMEJeHAODbiGJvhAQMEzvMKb8+i8OO/Ox2x0ySl2DuAPnM8fb9WR+w==</latexit><latexit sha1_base64="F+wdHlfiC7DXu2K+rWIp+x2D4mg=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHZFsB6EghePFVxbaNeSTbNtaDZZkqxalv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39Oy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+64EqzaS4NeOEBjEeCBYxgo2V7i+7MTbDMMqeJj0P9SpVt+ZOgRaJV5AqFGj2Kl/dviRpTIUhHGvd8dzEBBlWhhFOJ+VuqmmCyQgPaMdSgWOqg2yaeoKOrdJHkVT2CYOm6u+NDMdaj+PQTuYh9byXi/95ndRE9SBjIkkNFWR2KEo5MhLlFaA+U5QYPrYEE8VsVkSGWGFibFFlW4I3/+VF4p/WLmrezVm1US/aKMEhHMEJeHAODbiGJvhAQMEzvMKb8+i8OO/Ox2x0ySl2DuAPnM8fb9WR+w==</latexit><latexit sha1_base64="F+wdHlfiC7DXu2K+rWIp+x2D4mg=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHZFsB6EghePFVxbaNeSTbNtaDZZkqxalv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39Oy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+64EqzaS4NeOEBjEeCBYxgo2V7i+7MTbDMMqeJj0P9SpVt+ZOgRaJV5AqFGj2Kl/dviRpTIUhHGvd8dzEBBlWhhFOJ+VuqmmCyQgPaMdSgWOqg2yaeoKOrdJHkVT2CYOm6u+NDMdaj+PQTuYh9byXi/95ndRE9SBjIkkNFWR2KEo5MhLlFaA+U5QYPrYEE8VsVkSGWGFibFFlW4I3/+VF4p/WLmrezVm1US/aKMEhHMEJeHAODbiGJvhAQMEzvMKb8+i8OO/Ox2x0ySl2DuAPnM8fb9WR+w==</latexit>

= x2
<latexit sha1_base64="mHJ8aim7KVAFcze5LCsZdeK1pM4=">AAAB83icbVBNS8NAFHypX7V+RT16WSyCp5IUwXoQCl48VjC20Iay2W7apZtN3N0US+jv8OJBxat/xpv/xk2bg7YOLAwz7/FmJ0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8ePag4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxje5355QqVgs7vU0oX6Eh4KFjGBtJP+6F2E9CsLsadav9+2qU3PmQKvELUgVCrT69ldvEJM0okITjpXquk6i/QxLzQins0ovVTTBZIyHtGuowBFVfjYPPUNnRhmgMJbmCY3m6u+NDEdKTaPATOYZ1bKXi/953VSHDT9jIkk1FWRxKEw50jHKG0ADJinRfGoIJpKZrIiMsMREm54qpgR3+curxKvXrmru3UW12SjaKMMJnMI5uHAJTbiFFnhA4BGe4RXerIn1Yr1bH4vRklXsHMMfWJ8/FvKR0g==</latexit><latexit sha1_base64="mHJ8aim7KVAFcze5LCsZdeK1pM4=">AAAB83icbVBNS8NAFHypX7V+RT16WSyCp5IUwXoQCl48VjC20Iay2W7apZtN3N0US+jv8OJBxat/xpv/xk2bg7YOLAwz7/FmJ0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8ePag4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxje5355QqVgs7vU0oX6Eh4KFjGBtJP+6F2E9CsLsadav9+2qU3PmQKvELUgVCrT69ldvEJM0okITjpXquk6i/QxLzQins0ovVTTBZIyHtGuowBFVfjYPPUNnRhmgMJbmCY3m6u+NDEdKTaPATOYZ1bKXi/953VSHDT9jIkk1FWRxKEw50jHKG0ADJinRfGoIJpKZrIiMsMREm54qpgR3+curxKvXrmru3UW12SjaKMMJnMI5uHAJTbiFFnhA4BGe4RXerIn1Yr1bH4vRklXsHMMfWJ8/FvKR0g==</latexit><latexit sha1_base64="mHJ8aim7KVAFcze5LCsZdeK1pM4=">AAAB83icbVBNS8NAFHypX7V+RT16WSyCp5IUwXoQCl48VjC20Iay2W7apZtN3N0US+jv8OJBxat/xpv/xk2bg7YOLAwz7/FmJ0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8ePag4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxje5355QqVgs7vU0oX6Eh4KFjGBtJP+6F2E9CsLsadav9+2qU3PmQKvELUgVCrT69ldvEJM0okITjpXquk6i/QxLzQins0ovVTTBZIyHtGuowBFVfjYPPUNnRhmgMJbmCY3m6u+NDEdKTaPATOYZ1bKXi/953VSHDT9jIkk1FWRxKEw50jHKG0ADJinRfGoIJpKZrIiMsMREm54qpgR3+curxKvXrmru3UW12SjaKMMJnMI5uHAJTbiFFnhA4BGe4RXerIn1Yr1bH4vRklXsHMMfWJ8/FvKR0g==</latexit><latexit sha1_base64="mHJ8aim7KVAFcze5LCsZdeK1pM4=">AAAB83icbVBNS8NAFHypX7V+RT16WSyCp5IUwXoQCl48VjC20Iay2W7apZtN3N0US+jv8OJBxat/xpv/xk2bg7YOLAwz7/FmJ0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8ePag4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxje5355QqVgs7vU0oX6Eh4KFjGBtJP+6F2E9CsLsadav9+2qU3PmQKvELUgVCrT69ldvEJM0okITjpXquk6i/QxLzQins0ovVTTBZIyHtGuowBFVfjYPPUNnRhmgMJbmCY3m6u+NDEdKTaPATOYZ1bKXi/953VSHDT9jIkk1FWRxKEw50jHKG0ADJinRfGoIJpKZrIiMsMREm54qpgR3+curxKvXrmru3UW12SjaKMMJnMI5uHAJTbiFFnhA4BGe4RXerIn1Yr1bH4vRklXsHMMfWJ8/FvKR0g==</latexit>

= xS
<latexit sha1_base64="05R9GX7AMT8K2nsXiKo7Ur8k/VI=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIYD0IBS8eKxpbaEPZbDft0s0m7m6KJeR3ePGg4tU/481/46bNQVsHFoaZ93iz48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fPKgokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2x9e5355QqVgk7vU0pl6Ih4IFjGBtJO+qF2I98oP0Kevf9as1u27PgJaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHQWOkMnRhmgIJLmCY1m6u+NFIdKTUPfTOYZ1aKXi/953UQHDS9lIk40FWR+KEg40hHKG0ADJinRfGoIJpKZrIiMsMREm54qpgRn8cvLxD2rX9ad2/Nas1G0UYYjOIZTcOACmnADLXCBwCM8wyu8WRPrxXq3PuajJavYOYQ/sD5/AEjVkfM=</latexit><latexit sha1_base64="05R9GX7AMT8K2nsXiKo7Ur8k/VI=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIYD0IBS8eKxpbaEPZbDft0s0m7m6KJeR3ePGg4tU/481/46bNQVsHFoaZ93iz48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fPKgokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2x9e5355QqVgk7vU0pl6Ih4IFjGBtJO+qF2I98oP0Kevf9as1u27PgJaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHQWOkMnRhmgIJLmCY1m6u+NFIdKTUPfTOYZ1aKXi/953UQHDS9lIk40FWR+KEg40hHKG0ADJinRfGoIJpKZrIiMsMREm54qpgRn8cvLxD2rX9ad2/Nas1G0UYYjOIZTcOACmnADLXCBwCM8wyu8WRPrxXq3PuajJavYOYQ/sD5/AEjVkfM=</latexit><latexit sha1_base64="05R9GX7AMT8K2nsXiKo7Ur8k/VI=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIYD0IBS8eKxpbaEPZbDft0s0m7m6KJeR3ePGg4tU/481/46bNQVsHFoaZ93iz48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fPKgokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2x9e5355QqVgk7vU0pl6Ih4IFjGBtJO+qF2I98oP0Kevf9as1u27PgJaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHQWOkMnRhmgIJLmCY1m6u+NFIdKTUPfTOYZ1aKXi/953UQHDS9lIk40FWR+KEg40hHKG0ADJinRfGoIJpKZrIiMsMREm54qpgRn8cvLxD2rX9ad2/Nas1G0UYYjOIZTcOACmnADLXCBwCM8wyu8WRPrxXq3PuajJavYOYQ/sD5/AEjVkfM=</latexit><latexit sha1_base64="05R9GX7AMT8K2nsXiKo7Ur8k/VI=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIYD0IBS8eKxpbaEPZbDft0s0m7m6KJeR3ePGg4tU/481/46bNQVsHFoaZ93iz48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fPKgokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2x9e5355QqVgk7vU0pl6Ih4IFjGBtJO+qF2I98oP0Kevf9as1u27PgJaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHQWOkMnRhmgIJLmCY1m6u+NFIdKTUPfTOYZ1aKXi/953UQHDS9lIk40FWR+KEg40hHKG0ADJinRfGoIJpKZrIiMsMREm54qpgRn8cvLxD2rX9ad2/Nas1G0UYYjOIZTcOACmnADLXCBwCM8wyu8WRPrxXq3PuajJavYOYQ/sD5/AEjVkfM=</latexit>
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Node optimization

Right childLeft child

�n(x) =

⇢
0, xj(n) < ⌧n
1, xj(n) � ⌧n

<latexit sha1_base64="3gmEg3xJCHl6o5UT0ZWg91+Jjo8="></latexit><latexit sha1_base64="3gmEg3xJCHl6o5UT0ZWg91+Jjo8="></latexit><latexit sha1_base64="3gmEg3xJCHl6o5UT0ZWg91+Jjo8="></latexit><latexit sha1_base64="3gmEg3xJCHl6o5UT0ZWg91+Jjo8="></latexit>

n

R L

H(D) = �
KX

k=1

p(y = yk|D) ln p(y = yk|D)
<latexit sha1_base64="fnl+TmBe8i2CAAxVD1AnOvkJaf0="></latexit><latexit sha1_base64="fnl+TmBe8i2CAAxVD1AnOvkJaf0="></latexit><latexit sha1_base64="fnl+TmBe8i2CAAxVD1AnOvkJaf0="></latexit><latexit sha1_base64="fnl+TmBe8i2CAAxVD1AnOvkJaf0="></latexit>

L(j, ⌧) = H(Dn)�
|DR|
|D| H(DR)�

|DL|
|D| H(DL)

<latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="eL1fvAIAqlqtoBGP0HARVDLSQ+U="></latexit><latexit sha1_base64="eL1fvAIAqlqtoBGP0HARVDLSQ+U="></latexit><latexit sha1_base64="xCZ0pdbs/yZto/p52L5SYCDP07s="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit>

Dn =
n
(xs, ys)

Sn
s=1 2 node n

o

<latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit><latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit><latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="w502ll+WXHayHFHSkGWwZN9Lk18="></latexit><latexit sha1_base64="w502ll+WXHayHFHSkGWwZN9Lk18="></latexit><latexit sha1_base64="UQyI7mtwcVtIjpKs705yEkA2eeM="></latexit><latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit><latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit><latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit><latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit><latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit><latexit sha1_base64="wr9odeZ0DMyCOaCjJ2STdHRUDUM="></latexit>

p(y = yk|D) =
|x : x 2 D and y(x) = yk|

D
<latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit><latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit><latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="OXXrW5Rei5p6oWSa64d1oiB8PSs="></latexit><latexit sha1_base64="OXXrW5Rei5p6oWSa64d1oiB8PSs="></latexit><latexit sha1_base64="Y+S/IhSmjIfI+zbYSw1ePUHiBSg="></latexit><latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit><latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit><latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit><latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit><latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit><latexit sha1_base64="kKh/BWLaWZ/fYi8kElseBlFjzzU="></latexit>

j(n), ⌧n = argmax
j,⌧

L(j, ⌧)
<latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit><latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit><latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="XCpzJ4mBsjbhvGCp1xwPlPet2ZM=">AAACEXicbZDLSgMxFIbP1Futt9Gtm6AILZQyI4K6EAQ3LlxUsFrolOFMmtZoJjMkGbEMfRE3voobFypu3Pk2ZtouvB0I/Pn+HHLOH6WCa+N5n05pZnZufqG8WFlaXlldc9eXL3WSKcpaNBGJakeomeCStQw3grVTxTCOBLuKbk8K/+qOKc0TeWGGKevGOJC8zykai0J376Yqa3USGMxCSY5IgGoQxHgf5jf1Ao6IvZlriiI/G1UnrBa6217DGxf5K/yp2IZpNUP3I+glNIuZNFSg1h3fS003R2U4FWxUCTLNUqS3OGAdKyXGTHfz8XYjsmNJj/QTZY80ZEy/d+QYaz2MI/uyGFX/9gr4n9fJTP+gm3OZZoZJOvmonwliElJERXpcMWrE0AqkittZCb1GhdTYQCs2BP/3yn9Fa7dx2PDPPSjDJmxBFXzYh2M4hSa0gMIDPMELvDqPzrPzNkmr5Exj24Af5bx/ARh4n1c=</latexit><latexit sha1_base64="XCpzJ4mBsjbhvGCp1xwPlPet2ZM=">AAACEXicbZDLSgMxFIbP1Futt9Gtm6AILZQyI4K6EAQ3LlxUsFrolOFMmtZoJjMkGbEMfRE3voobFypu3Pk2ZtouvB0I/Pn+HHLOH6WCa+N5n05pZnZufqG8WFlaXlldc9eXL3WSKcpaNBGJakeomeCStQw3grVTxTCOBLuKbk8K/+qOKc0TeWGGKevGOJC8zykai0J376Yqa3USGMxCSY5IgGoQxHgf5jf1Ao6IvZlriiI/G1UnrBa6217DGxf5K/yp2IZpNUP3I+glNIuZNFSg1h3fS003R2U4FWxUCTLNUqS3OGAdKyXGTHfz8XYjsmNJj/QTZY80ZEy/d+QYaz2MI/uyGFX/9gr4n9fJTP+gm3OZZoZJOvmonwliElJERXpcMWrE0AqkittZCb1GhdTYQCs2BP/3yn9Fa7dx2PDPPSjDJmxBFXzYh2M4hSa0gMIDPMELvDqPzrPzNkmr5Exj24Af5bx/ARh4n1c=</latexit><latexit sha1_base64="jcT2rH0BPu6uHMBdXFpHRglgjf0=">AAACHHicbVDLSgMxFM34rPVVdekmWIQWSpkR8bEQCm5cuKhgbaFThjtp2qbNZIYkI5ahP+LGX3HjQsWNC8G/MdN2oa0HAifn3Mu99/gRZ0rb9re1sLi0vLKaWcuub2xubed2du9UGEtCayTkoWz4oChngtY005w2Ikkh8Dmt+4PL1K/fU6lYKG71MKKtALqCdRgBbSQvd9wviGIJuxpiT+AL7ILsugE8eEm/lIojbH66R4An16PCRCt6ubxdtsfA88SZkjyaourlPt12SOKACk04KNV07Ei3EpCaEU5HWTdWNAIygC5tGiogoKqVjK8b4UOjtHEnlOYJjcfq744EAqWGgW8q01XVrJeK/3nNWHfOWgkTUaypIJNBnZhjHeI0KtxmkhLNh4YAkczsikkPJBBtAs2aEJzZk+dJ7ah8XnZu7HzlZJpGBu2jA1RADjpFFXSFqqiGCHpEz+gVvVlP1ov1bn1MShesac8e+gPr6wf5aqDO</latexit><latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit><latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit><latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit><latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit><latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit><latexit sha1_base64="fV//1N5c6XHJ20DVaCAigU/Cy94=">AAACHHicbVDLSgMxFM3Ud32NunQTLEILpcxI8bEQBDcuXChYW+iU4U6atmkzmSHJiGXoj7jxV9y4UHHjQvBvzLRdqPVA4OSce7n3niDmTGnH+bJyc/MLi0vLK/nVtfWNTXtr+1ZFiSS0RiIeyUYAinImaE0zzWkjlhTCgNN6MDjP/PodlYpF4kYPY9oKoStYhxHQRvLtar8oSmXsaUh8gU+xB7LrhXDvp/1yJo6w+ekeAZ5ejooTreTbBafijIFniTslBTTFlW9/eO2IJCEVmnBQquk6sW6lIDUjnI7yXqJoDGQAXdo0VEBIVSsdXzfC+0Zp404kzRMaj9WfHSmESg3DwFRmq6q/Xib+5zUT3TlupUzEiaaCTAZ1Eo51hLOocJtJSjQfGgJEMrMrJj2QQLQJNG9CcP+ePEtqB5WTintdLZwdTtNYRrtoDxWRi47QGbpAV6iGCHpAT+gFvVqP1rP1Zr1PSnPWtGcH/YL1+Q36qqDS</latexit>
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= x1
<latexit sha1_base64="F+wdHlfiC7DXu2K+rWIp+x2D4mg=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHZFsB6EghePFVxbaNeSTbNtaDZZkqxalv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39Oy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+64EqzaS4NeOEBjEeCBYxgo2V7i+7MTbDMMqeJj0P9SpVt+ZOgRaJV5AqFGj2Kl/dviRpTIUhHGvd8dzEBBlWhhFOJ+VuqmmCyQgPaMdSgWOqg2yaeoKOrdJHkVT2CYOm6u+NDMdaj+PQTuYh9byXi/95ndRE9SBjIkkNFWR2KEo5MhLlFaA+U5QYPrYEE8VsVkSGWGFibFFlW4I3/+VF4p/WLmrezVm1US/aKMEhHMEJeHAODbiGJvhAQMEzvMKb8+i8OO/Ox2x0ySl2DuAPnM8fb9WR+w==</latexit><latexit sha1_base64="F+wdHlfiC7DXu2K+rWIp+x2D4mg=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHZFsB6EghePFVxbaNeSTbNtaDZZkqxalv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39Oy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+64EqzaS4NeOEBjEeCBYxgo2V7i+7MTbDMMqeJj0P9SpVt+ZOgRaJV5AqFGj2Kl/dviRpTIUhHGvd8dzEBBlWhhFOJ+VuqmmCyQgPaMdSgWOqg2yaeoKOrdJHkVT2CYOm6u+NDMdaj+PQTuYh9byXi/95ndRE9SBjIkkNFWR2KEo5MhLlFaA+U5QYPrYEE8VsVkSGWGFibFFlW4I3/+VF4p/WLmrezVm1US/aKMEhHMEJeHAODbiGJvhAQMEzvMKb8+i8OO/Ox2x0ySl2DuAPnM8fb9WR+w==</latexit><latexit sha1_base64="F+wdHlfiC7DXu2K+rWIp+x2D4mg=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHZFsB6EghePFVxbaNeSTbNtaDZZkqxalv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39Oy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+64EqzaS4NeOEBjEeCBYxgo2V7i+7MTbDMMqeJj0P9SpVt+ZOgRaJV5AqFGj2Kl/dviRpTIUhHGvd8dzEBBlWhhFOJ+VuqmmCyQgPaMdSgWOqg2yaeoKOrdJHkVT2CYOm6u+NDMdaj+PQTuYh9byXi/95ndRE9SBjIkkNFWR2KEo5MhLlFaA+U5QYPrYEE8VsVkSGWGFibFFlW4I3/+VF4p/WLmrezVm1US/aKMEhHMEJeHAODbiGJvhAQMEzvMKb8+i8OO/Ox2x0ySl2DuAPnM8fb9WR+w==</latexit><latexit sha1_base64="F+wdHlfiC7DXu2K+rWIp+x2D4mg=">AAAB9HicbVBNSwMxFHzrZ61fVY9egkXwVHZFsB6EghePFVxbaNeSTbNtaDZZkqxalv4PLx5UvPpjvPlvzLZ70NaBwDDzHm8yYcKZNq777Swtr6yurZc2yptb2zu7lb39Oy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSscXeV+64EqzaS4NeOEBjEeCBYxgo2V7i+7MTbDMMqeJj0P9SpVt+ZOgRaJV5AqFGj2Kl/dviRpTIUhHGvd8dzEBBlWhhFOJ+VuqmmCyQgPaMdSgWOqg2yaeoKOrdJHkVT2CYOm6u+NDMdaj+PQTuYh9byXi/95ndRE9SBjIkkNFWR2KEo5MhLlFaA+U5QYPrYEE8VsVkSGWGFibFFlW4I3/+VF4p/WLmrezVm1US/aKMEhHMEJeHAODbiGJvhAQMEzvMKb8+i8OO/Ox2x0ySl2DuAPnM8fb9WR+w==</latexit>

= x2
<latexit sha1_base64="mHJ8aim7KVAFcze5LCsZdeK1pM4=">AAAB83icbVBNS8NAFHypX7V+RT16WSyCp5IUwXoQCl48VjC20Iay2W7apZtN3N0US+jv8OJBxat/xpv/xk2bg7YOLAwz7/FmJ0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8ePag4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxje5355QqVgs7vU0oX6Eh4KFjGBtJP+6F2E9CsLsadav9+2qU3PmQKvELUgVCrT69ldvEJM0okITjpXquk6i/QxLzQins0ovVTTBZIyHtGuowBFVfjYPPUNnRhmgMJbmCY3m6u+NDEdKTaPATOYZ1bKXi/953VSHDT9jIkk1FWRxKEw50jHKG0ADJinRfGoIJpKZrIiMsMREm54qpgR3+curxKvXrmru3UW12SjaKMMJnMI5uHAJTbiFFnhA4BGe4RXerIn1Yr1bH4vRklXsHMMfWJ8/FvKR0g==</latexit><latexit sha1_base64="mHJ8aim7KVAFcze5LCsZdeK1pM4=">AAAB83icbVBNS8NAFHypX7V+RT16WSyCp5IUwXoQCl48VjC20Iay2W7apZtN3N0US+jv8OJBxat/xpv/xk2bg7YOLAwz7/FmJ0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8ePag4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxje5355QqVgs7vU0oX6Eh4KFjGBtJP+6F2E9CsLsadav9+2qU3PmQKvELUgVCrT69ldvEJM0okITjpXquk6i/QxLzQins0ovVTTBZIyHtGuowBFVfjYPPUNnRhmgMJbmCY3m6u+NDEdKTaPATOYZ1bKXi/953VSHDT9jIkk1FWRxKEw50jHKG0ADJinRfGoIJpKZrIiMsMREm54qpgR3+curxKvXrmru3UW12SjaKMMJnMI5uHAJTbiFFnhA4BGe4RXerIn1Yr1bH4vRklXsHMMfWJ8/FvKR0g==</latexit><latexit sha1_base64="mHJ8aim7KVAFcze5LCsZdeK1pM4=">AAAB83icbVBNS8NAFHypX7V+RT16WSyCp5IUwXoQCl48VjC20Iay2W7apZtN3N0US+jv8OJBxat/xpv/xk2bg7YOLAwz7/FmJ0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8ePag4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxje5355QqVgs7vU0oX6Eh4KFjGBtJP+6F2E9CsLsadav9+2qU3PmQKvELUgVCrT69ldvEJM0okITjpXquk6i/QxLzQins0ovVTTBZIyHtGuowBFVfjYPPUNnRhmgMJbmCY3m6u+NDEdKTaPATOYZ1bKXi/953VSHDT9jIkk1FWRxKEw50jHKG0ADJinRfGoIJpKZrIiMsMREm54qpgR3+curxKvXrmru3UW12SjaKMMJnMI5uHAJTbiFFnhA4BGe4RXerIn1Yr1bH4vRklXsHMMfWJ8/FvKR0g==</latexit><latexit sha1_base64="mHJ8aim7KVAFcze5LCsZdeK1pM4=">AAAB83icbVBNS8NAFHypX7V+RT16WSyCp5IUwXoQCl48VjC20Iay2W7apZtN3N0US+jv8OJBxat/xpv/xk2bg7YOLAwz7/FmJ0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8ePag4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxje5355QqVgs7vU0oX6Eh4KFjGBtJP+6F2E9CsLsadav9+2qU3PmQKvELUgVCrT69ldvEJM0okITjpXquk6i/QxLzQins0ovVTTBZIyHtGuowBFVfjYPPUNnRhmgMJbmCY3m6u+NDEdKTaPATOYZ1bKXi/953VSHDT9jIkk1FWRxKEw50jHKG0ADJinRfGoIJpKZrIiMsMREm54qpgR3+curxKvXrmru3UW12SjaKMMJnMI5uHAJTbiFFnhA4BGe4RXerIn1Yr1bH4vRklXsHMMfWJ8/FvKR0g==</latexit>

= xS
<latexit sha1_base64="05R9GX7AMT8K2nsXiKo7Ur8k/VI=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIYD0IBS8eKxpbaEPZbDft0s0m7m6KJeR3ePGg4tU/481/46bNQVsHFoaZ93iz48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fPKgokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2x9e5355QqVgk7vU0pl6Ih4IFjGBtJO+qF2I98oP0Kevf9as1u27PgJaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHQWOkMnRhmgIJLmCY1m6u+NFIdKTUPfTOYZ1aKXi/953UQHDS9lIk40FWR+KEg40hHKG0ADJinRfGoIJpKZrIiMsMREm54qpgRn8cvLxD2rX9ad2/Nas1G0UYYjOIZTcOACmnADLXCBwCM8wyu8WRPrxXq3PuajJavYOYQ/sD5/AEjVkfM=</latexit><latexit sha1_base64="05R9GX7AMT8K2nsXiKo7Ur8k/VI=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIYD0IBS8eKxpbaEPZbDft0s0m7m6KJeR3ePGg4tU/481/46bNQVsHFoaZ93iz48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fPKgokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2x9e5355QqVgk7vU0pl6Ih4IFjGBtJO+qF2I98oP0Kevf9as1u27PgJaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHQWOkMnRhmgIJLmCY1m6u+NFIdKTUPfTOYZ1aKXi/953UQHDS9lIk40FWR+KEg40hHKG0ADJinRfGoIJpKZrIiMsMREm54qpgRn8cvLxD2rX9ad2/Nas1G0UYYjOIZTcOACmnADLXCBwCM8wyu8WRPrxXq3PuajJavYOYQ/sD5/AEjVkfM=</latexit><latexit sha1_base64="05R9GX7AMT8K2nsXiKo7Ur8k/VI=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIYD0IBS8eKxpbaEPZbDft0s0m7m6KJeR3ePGg4tU/481/46bNQVsHFoaZ93iz48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fPKgokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2x9e5355QqVgk7vU0pl6Ih4IFjGBtJO+qF2I98oP0Kevf9as1u27PgJaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHQWOkMnRhmgIJLmCY1m6u+NFIdKTUPfTOYZ1aKXi/953UQHDS9lIk40FWR+KEg40hHKG0ADJinRfGoIJpKZrIiMsMREm54qpgRn8cvLxD2rX9ad2/Nas1G0UYYjOIZTcOACmnADLXCBwCM8wyu8WRPrxXq3PuajJavYOYQ/sD5/AEjVkfM=</latexit><latexit sha1_base64="05R9GX7AMT8K2nsXiKo7Ur8k/VI=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIYD0IBS8eKxpbaEPZbDft0s0m7m6KJeR3ePGg4tU/481/46bNQVsHFoaZ93iz48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fPKgokYS6JOKR7PhYUc4EdTXTnHZiSXHoc9r2x9e5355QqVgk7vU0pl6Ih4IFjGBtJO+qF2I98oP0Kevf9as1u27PgJaJU5AaFGj1q1+9QUSSkApNOFaq69ix9lIsNSOcZpVeomiMyRgPaddQgUOqvHQWOkMnRhmgIJLmCY1m6u+NFIdKTUPfTOYZ1aKXi/953UQHDS9lIk40FWR+KEg40hHKG0ADJinRfGoIJpKZrIiMsMREm54qpgRn8cvLxD2rX9ad2/Nas1G0UYYjOIZTcOACmnADLXCBwCM8wyu8WRPrxXq3PuajJavYOYQ/sD5/AEjVkfM=</latexit>

ylt = argmax
y

p(y|t, l)
<latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="7vnU/u/wJWO8hJIYfOHns/lHbc8=">AAAB+HicbZBLSwMxFIXv+Ky16ui2m2ARKkiZcaMuBMGNywqOLbR1yKRpG5p5kNwRh7ELN/4VNy5U/CXu/Demj4W2Hgh8nJNwc0+QSKHRcb6tpeWV1bX1wkZxs7S1vWPvlm51nCrGPRbLWDUDqrkUEfdQoOTNRHEaBpI3guHlOG/cc6VFHN1glvBOSPuR6AlG0Vi+Xc58vJPknLSp6rdD+uBnJKlmj3gkD3274tScicgiuDOowEx13/5qd2OWhjxCJqnWLddJsJNThYJJPiq2U80Tyoa0z1sGIxpy3cknS4zIgXG6pBcrcyIkE/f3i5yGWmdhYG6GFAd6Phub/2WtFHunnVxESYo8YtNBvVQSjMm4EdIVijOUmQHKlDB/JWxAFWVoeiuaEtz5lRfBO66d1dxrBwpQhn2oggsncAFXUAcPGDzBC7zBu/VsvVof07aWrFlte/BH1ucPPhiVpA==</latexit><latexit sha1_base64="7vnU/u/wJWO8hJIYfOHns/lHbc8=">AAAB+HicbZBLSwMxFIXv+Ky16ui2m2ARKkiZcaMuBMGNywqOLbR1yKRpG5p5kNwRh7ELN/4VNy5U/CXu/Demj4W2Hgh8nJNwc0+QSKHRcb6tpeWV1bX1wkZxs7S1vWPvlm51nCrGPRbLWDUDqrkUEfdQoOTNRHEaBpI3guHlOG/cc6VFHN1glvBOSPuR6AlG0Vi+Xc58vJPknLSp6rdD+uBnJKlmj3gkD3274tScicgiuDOowEx13/5qd2OWhjxCJqnWLddJsJNThYJJPiq2U80Tyoa0z1sGIxpy3cknS4zIgXG6pBcrcyIkE/f3i5yGWmdhYG6GFAd6Phub/2WtFHunnVxESYo8YtNBvVQSjMm4EdIVijOUmQHKlDB/JWxAFWVoeiuaEtz5lRfBO66d1dxrBwpQhn2oggsncAFXUAcPGDzBC7zBu/VsvVof07aWrFlte/BH1ucPPhiVpA==</latexit><latexit sha1_base64="/YMXEEtic4m3VXVEZ4T6JA0/PtQ=">AAACA3icbVA9SwNBEN2LXzF+nVqmWQxCBAl3NsZCCNhYRjAmkJzH3mYvWbK3d+zOiUdMYeNfsbFQsfVP2Plv3HwUmvhg4PHeDDPzgkRwDY7zbeWWlldW1/LrhY3Nre0de3fvRsepoqxBYxGrVkA0E1yyBnAQrJUoRqJAsGYwuBj7zTumNI/lNWQJ8yLSkzzklICRfLuY+XAr8DnuENXrROTez3BSzh7gWBz5dsmpOBPgReLOSAnNUPftr043pmnEJFBBtG67TgLekCjgVLBRoZNqlhA6ID3WNlSSiGlvOHlihA+N0sVhrExJwBP198SQRFpnUWA6IwJ9Pe+Nxf+8dgph1RtymaTAJJ0uClOBIcbjRHCXK0ZBZIYQqri5FdM+UYSCya1gQnDnX14kjZPKWcW9ckq16iyNPCqiA1RGLjpFNXSJ6qiBKHpEz+gVvVlP1ov1bn1MW3PWbGYf/YH1+QO4XpcE</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit><latexit sha1_base64="8Ns9kfdEEcREumgP92Ssr3QbSNk=">AAACA3icbVBNS8NAEN34WetX1WMvi0WoICURwXoQCl48VjC20NSw2W7bpbtJ2J2Iofbgxb/ixYOKV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Btv+thYWl5ZXVnNr+fWNza3tws7ujY4SRZlLIxGpZkA0EzxkLnAQrBkrRmQgWCMYXIz9xh1TmkfhNaQxa0vSC3mXUwJG8gvF1Idbgc+xR1TPk+TeT3FcTh/gSBz6hZJdsSfA88TJSAllqPuFL68T0USyEKggWrccO4b2kCjgVLBR3ks0iwkdkB5rGRoSyXR7OHlihA+M0sHdSJkKAU/U3xNDIrVOZWA6JYG+nvXG4n9eK4FutT3kYZwAC+l0UTcRGCI8TgR3uGIURGoIoYqbWzHtE0UomNzyJgRn9uV54h5XzirO1UmpVs3SyKEi2kdl5KBTVEOXqI5cRNEjekav6M16sl6sd+tj2rpgZTN76A+szx+5npcI</latexit>
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The “Random” in the forest

6=
<latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit><latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit><latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="wzWqpAlCz9DX5PHe7hcWqclCQc4=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFVm3Kg7wY3LCo4ttEPJpHfa0CQzJhmhDH0FNy5UfCt3vo2ZtgttPRD4OCch9544E9xY3//2KhubW9s71d3aXn3/4LBxVH80aa4ZhiwVqe7G1KDgCkPLrcBuppHKWGAnntyWeecZteGperDTDCNJR4onnFFbWn2FT4NG02/5c5F1CJbQhKXag8ZXf5iyXKKyTFBjeoGf2aig2nImcFbr5wYzyiZ0hD2Hiko0UTGfdUbOnDMkSardUZbM3d8vCiqNmcrY3ZTUjs1qVpr/Zb3cJldRwVWWW1Rs8VGSC2JTUi5Ohlwjs2LqgDLN3ayEjammzLp6aq6EYHXldQgvWtet4N6HKpzAKZxDAJdwA3fQhhAYjOEF3uDdk96r97Foq+ItazuGP/I+fwBlB4zB</latexit><latexit sha1_base64="wzWqpAlCz9DX5PHe7hcWqclCQc4=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFVm3Kg7wY3LCo4ttEPJpHfa0CQzJhmhDH0FNy5UfCt3vo2ZtgttPRD4OCch9544E9xY3//2KhubW9s71d3aXn3/4LBxVH80aa4ZhiwVqe7G1KDgCkPLrcBuppHKWGAnntyWeecZteGperDTDCNJR4onnFFbWn2FT4NG02/5c5F1CJbQhKXag8ZXf5iyXKKyTFBjeoGf2aig2nImcFbr5wYzyiZ0hD2Hiko0UTGfdUbOnDMkSardUZbM3d8vCiqNmcrY3ZTUjs1qVpr/Zb3cJldRwVWWW1Rs8VGSC2JTUi5Ohlwjs2LqgDLN3ayEjammzLp6aq6EYHXldQgvWtet4N6HKpzAKZxDAJdwA3fQhhAYjOEF3uDdk96r97Foq+ItazuGP/I+fwBlB4zB</latexit><latexit sha1_base64="8qBrm6TuMffOsJFEhRenfokrJ6E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokX9SIFLx4rGFtoQ9lsJ+3SzSbuboQS+he8eFDx6i/y5r9x0+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzcpWdXtnd2+/dnD4oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8U/jtJ1SaJ/LeTFIMYjqUPOKMmkLqSXzs1+puw52BLBOvJHUo0erXvnqDhGUxSsME1brruakJcqoMZwKn1V6mMaVsTIfYtVTSGHWQz26dklOrDEiUKFvSkJn6eyKnsdaTOLSdMTUjvegV4n9eNzPRZZBzmWYGJZsvijJBTEKKx8mAK2RGTCyhTHF7K2EjqigzNp6qDcFbfHmZ+OeNq4Z359ab12UaFTiGEzgDDy6gCbfQAh8YjOAZXuHNiZ0X5935mLeuOOXMEfyB8/kDgsWODg==</latexit><latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit><latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit><latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit><latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit><latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit><latexit sha1_base64="rNtP/8/TssTRNS+QJuOCLojigM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUC9S8OKxgrGFNpTNdtou3Wzi7kYooX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwkRwbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2niqHPYhGrdkg1Ci7RN9wIbCcKaRQKbIXjm9xvPaHSPJb3ZpJgENGh5APOqMmlrsTHXrXm1t0ZyDLxClKDAs1e9avbj1kaoTRMUK07npuYIKPKcCZwWummGhPKxnSIHUsljVAH2ezWKTmxSp8MYmVLGjJTf09kNNJ6EoW2M6JmpBe9XPzP66RmcBlkXCapQcnmiwapICYm+eOkzxUyIyaWUKa4vZWwEVWUGRtPxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjBM7zCmxM5L8678zFvLTnFzCH8gfP5A4QFjhI=</latexit>

Feature subsampling

Entire feature space

Each tree sees a random subspace

Bagging

Entire training dataset

Each tree sees a random subset

x = {x1, . . . , xD} 2 RD
<latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit><latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit><latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="nW/fdVn3ulkOyUaMxqfluK09luo=">AAACDnicbVA9T8MwEL2Ur1IKBFYWiwqJoaoSFmBAQqIDY0GUVmpK5LhOa9VxIttBraL8Dhb+CgsDIEY2/g3uxwAtTzrp6b07++4FCWdKO863VVhZXVvfKG6WtsrbO7v2XvlexakktEliHst2gBXlTNCmZprTdiIpjgJOW8HwauK3HqlULBZ3epzQboT7goWMYG0k33a9COtBEGajHF0gLxv5bhV5vVirKhr5dS9HHhNo1hRkt/lD3bcrTs2ZAi0Td04qMEfDt7/MeySNqNCEY6U6rpPoboalZoTTvOSliiaYDHGfdgwVOKKqm01Py9GRUXoojKUpodFU/T2R4UipcRSYzsmOatGbiP95nVSHZ92MiSTVVJDZR2HKkY7RJCfUY5ISzceGYCKZ2RWRAZaYaJNmyYTgLp68TJontfOae+NAEQ7gEI7BhVO4hGtoQBMIPMELvMG79Wy9Wh+ztArWPLZ9+APr8wcihZ5K</latexit><latexit sha1_base64="nW/fdVn3ulkOyUaMxqfluK09luo=">AAACDnicbVA9T8MwEL2Ur1IKBFYWiwqJoaoSFmBAQqIDY0GUVmpK5LhOa9VxIttBraL8Dhb+CgsDIEY2/g3uxwAtTzrp6b07++4FCWdKO863VVhZXVvfKG6WtsrbO7v2XvlexakktEliHst2gBXlTNCmZprTdiIpjgJOW8HwauK3HqlULBZ3epzQboT7goWMYG0k33a9COtBEGajHF0gLxv5bhV5vVirKhr5dS9HHhNo1hRkt/lD3bcrTs2ZAi0Td04qMEfDt7/MeySNqNCEY6U6rpPoboalZoTTvOSliiaYDHGfdgwVOKKqm01Py9GRUXoojKUpodFU/T2R4UipcRSYzsmOatGbiP95nVSHZ92MiSTVVJDZR2HKkY7RJCfUY5ISzceGYCKZ2RWRAZaYaJNmyYTgLp68TJontfOae+NAEQ7gEI7BhVO4hGtoQBMIPMELvMG79Wy9Wh+ztArWPLZ9+APr8wcihZ5K</latexit><latexit sha1_base64="CKiYOxRzrBG6MqFdE8Qmgwsmd0U=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEgMVZWwUAakSnRgLIjQSk2JHNdprTpOZDuoVZTvYOFXWBgAMcLE3+C0GaDlSJaOzj33+t7jx4xKZVnfxtLyyuraemmjvLm1vbNr7u3fySgRmDg4YpHo+EgSRjlxFFWMdGJBUOgz0vZHl3m9/UCEpBG/VZOY9EI04DSgGCkteabthkgN/SAdZ/ACuunYs6vQ7UdKVuHYa7oZdCmHM5Of3mT3Tc+sWDVrCrhI7IJUQIGWZ37qeTgJCVeYISm7thWrXoqEopiRrOwmksQIj9CAdDXlKCSyl05Py+CxVvowiIR+XMGp+rsjRaGUk9DXznxHOV/Lxf9q3UQF9V5KeZwowvHsoyBhUEUwzwn2qSBYsYkmCAuqd4V4iATCSqdZ1iHY8ycvEue0dl6zr61Ko16kUQKH4AicABucgQa4Ai3gAAwewTN4BW/Gk/FivBsfM+uSUfQcgD8wvn4A+OufwA==</latexit><latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit><latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit><latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit><latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit><latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit><latexit sha1_base64="DjWpfuzgHinwXCGhgfg/4/1vJDU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwUUoignUhFOzCZRVrC00Mk+mkHTqZhJmJtIR8hxt/xY0LFZe68m+ctllo64GBw7nn3rn3+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29OxklApMWjlgkOj6ShFFOWooqRjqxICj0GWn7w8tJvf1AhKQRv1XjmLgh6nMaUIyUljzTdkKkBn6QjjJ4AZ105NkV6PQiJStw5DWcDDqUw5nJT2+y+4Znlq2qNQVcJHZOyiBH0zM/9TychIQrzJCUXduKlZsioShmJCs5iSQxwkPUJ11NOQqJdNPpaRk80koPBpHQjys4VX93pCiUchz62jnZUc7XJuJ/tW6igpqbUh4ninA8+yhIGFQRnOQEe1QQrNhYE4QF1btCPEACYaXTLOkQ7PmTF0nrpHpeta9Py/VankYRHIBDcAxscAbq4Ao0QQtg8AiewSt4M56MF+Pd+JhZC0besw/+wPj6Aforn8Q=</latexit>

xt = {xt(1), . . . , xt(d)} 2 Rd ⇢ RD
<latexit sha1_base64="IpJH/3PnVUnfJG95cBFLb7nYd7E="></latexit><latexit sha1_base64="IpJH/3PnVUnfJG95cBFLb7nYd7E="></latexit><latexit sha1_base64="IpJH/3PnVUnfJG95cBFLb7nYd7E="></latexit><latexit sha1_base64="IpJH/3PnVUnfJG95cBFLb7nYd7E="></latexit>

D = {(xs, ys)}Ss=1
<latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit><latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit><latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="y3Gp0oaT4oSDxulamEWeTwTBzDA=">AAACFXicbZBLSwMxFIXv+Kz1Vd26CYqgIGXGjXVREHThsqJjhU4dMmmmDWYeJHfEMsxfceNfceNCRXf+G9NpF1o9EPg4JyH3niCVQqNtf1kzs3PzC4uVperyyuraem1j5VonmWLcZYlM1E1ANZci5i4KlPwmVZxGgeTt4O50lLfvudIiia9wmPJuRPuxCAWjaCy/1vAiigNGZX5WkCbxJA/Ry/dKNwjzh8LXB2To631Pif4AvcLPddMpbi/92o5dt0uRv+BMYAcmavm1T6+XsCziMTJJte44dordnCoUTPKi6mWap5Td0T7vGIxpxHU3LzcsyK5xeiRMlDkxktL9+SKnkdbDKDA3R5Pr6Wxk/pd1Mgwb3VzEaYY8ZuOPwkwSTMioLtITijOUQwOUKWFmJWxAFWVoSq2aEpzplf+Ce1g/rjsXNlRgC7ZhDxw4ghM4hxa4wOARnuEV3qwn68V6H7c1Y01q24Rfsj6+ARLgoiU=</latexit><latexit sha1_base64="y3Gp0oaT4oSDxulamEWeTwTBzDA=">AAACFXicbZBLSwMxFIXv+Kz1Vd26CYqgIGXGjXVREHThsqJjhU4dMmmmDWYeJHfEMsxfceNfceNCRXf+G9NpF1o9EPg4JyH3niCVQqNtf1kzs3PzC4uVperyyuraem1j5VonmWLcZYlM1E1ANZci5i4KlPwmVZxGgeTt4O50lLfvudIiia9wmPJuRPuxCAWjaCy/1vAiigNGZX5WkCbxJA/Ry/dKNwjzh8LXB2To631Pif4AvcLPddMpbi/92o5dt0uRv+BMYAcmavm1T6+XsCziMTJJte44dordnCoUTPKi6mWap5Td0T7vGIxpxHU3LzcsyK5xeiRMlDkxktL9+SKnkdbDKDA3R5Pr6Wxk/pd1Mgwb3VzEaYY8ZuOPwkwSTMioLtITijOUQwOUKWFmJWxAFWVoSq2aEpzplf+Ce1g/rjsXNlRgC7ZhDxw4ghM4hxa4wOARnuEV3qwn68V6H7c1Y01q24Rfsj6+ARLgoiU=</latexit><latexit sha1_base64="izEvh6yhKTye9IZYZGTzn3vTxqc=">AAACIHicbVBNS8NAEN34WetX1aOXxSJUkJJ4sR4KBT14rGhsoalhs920Szcf7E7EEvJXvPhXvHhQ0Zv+GrdpD9r6YODx3gwz87xYcAWm+WUsLC4tr6wW1orrG5tb26Wd3VsVJZIym0Yikm2PKCZ4yGzgIFg7lowEnmAtb3g+9lv3TCoehTcwilk3IP2Q+5wS0JJbqjkBgQElIr3IcB07gvngpJVc9fz0IXPVMR656siRvD8AJ3NTVbeyu2u3VDarZg48T6wpKaMpmm7p0+lFNAlYCFQQpTqWGUM3JRI4FSwrOoliMaFD0mcdTUMSMNVN8w8zfKiVHvYjqSsEnKu/J1ISKDUKPN05vlzNemPxP6+TgF/rpjyME2AhnSzyE4EhwuO4cI9LRkGMNCFUcn0rpgMiCQUdalGHYM2+PE/sk+pZ1boyy43aNI0C2kcHqIIsdIoa6BI1kY0oekTP6BW9GU/Gi/FufExaF4zpzB76A+P7BxLJo6I=</latexit><latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit><latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit><latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit><latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit><latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit><latexit sha1_base64="nabYuak1C/WLGmNke9RueWWejRs="></latexit>

Dt =
�
(xt(s), yt(s))

 St

s=1
, St < S

<latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit><latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit><latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="Mw+E7BBM8ck06rlqnJWJ/Sn+VBI="></latexit><latexit sha1_base64="Mw+E7BBM8ck06rlqnJWJ/Sn+VBI="></latexit><latexit sha1_base64="GHbG3ES91VAf8E9QA06iPnFuUMQ="></latexit><latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit><latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit><latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit><latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit><latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit><latexit sha1_base64="jpdDJKOEYU6wcGo7Mcu0mCI/19I="></latexit>

Empirical finding: Randomization helps avoid overfitting and improve generalization
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Different costs – different tasks

Classification

H(D) = �
KX

k=1

p(y = yk|D) ln p(y = yk|D)
<latexit sha1_base64="fnl+TmBe8i2CAAxVD1AnOvkJaf0="></latexit><latexit sha1_base64="fnl+TmBe8i2CAAxVD1AnOvkJaf0="></latexit><latexit sha1_base64="fnl+TmBe8i2CAAxVD1AnOvkJaf0="></latexit><latexit sha1_base64="fnl+TmBe8i2CAAxVD1AnOvkJaf0="></latexit>

L(j, ⌧) = H(Dn)�
|DR|
|D| H(DR)�

|DL|
|D| H(DL)

<latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="eL1fvAIAqlqtoBGP0HARVDLSQ+U="></latexit><latexit sha1_base64="eL1fvAIAqlqtoBGP0HARVDLSQ+U="></latexit><latexit sha1_base64="xCZ0pdbs/yZto/p52L5SYCDP07s="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit><latexit sha1_base64="cDeDelYm4tNWgDI+8gtHit1NfeA="></latexit>

Multivariate regression

H(D) =
1

|D|
X

D
(ys � µ)(ys � µ)T

<latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit><latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit><latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="Z5WIUZbnWwKxaU+cMkpcUHWOlWA="></latexit><latexit sha1_base64="Z5WIUZbnWwKxaU+cMkpcUHWOlWA="></latexit><latexit sha1_base64="tIsuYZrXhugOcGKA4i5lKOQ13Xw="></latexit><latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit><latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit><latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit><latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit><latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit><latexit sha1_base64="tHWxWzEmOgM+jvOsmByyLPtgmXo="></latexit>

Unsupervised clustering

H(D) =
1

|D|
X

D
(xs � µ)(xs � µ)T

<latexit sha1_base64="KsaZ9H/uJAhzcYm8h/+RvAxY8y8=">AAACX3icfVHPS8MwGE3rrzmnVj2Jl+AQ5sHRiuA8CIIePE7Y3GCdJc3SLSxpS5KqI/af9ObBi3+J2Q9hbuIHgZf3vsf35SVMGZXKdT8se2V1bX2jsFncKm3v7Dp7+48yyQQmTZywRLRDJAmjMWkqqhhpp4IgHjLSCoe3Y731TISkSdxQo5R0OerHNKIYKUMFzst9xedIDTBi+i4/hdfQjwTC2sv125zwlvsy44Geo3I4dYaRfs 0DCc/gz9XnWX76r/jUCJyyW3UnBZeBNwNlMKt64Lz7vQRnnMQKMyRlx3NT1dVIKIoZyYt+JkmK8BD1ScfAGHEiu3oSUA5PDNODUSLMiRWcsPMOjbiUIx6azvGaclEbk39pnUxFta6mcZopEuPpoChjUCVwnDbsUUGwYiMDEBbU7ArxAJmAlfmTognBW3zyMmieV6+q3sNF+aY2S6MAjsAxqAAPXIIbcA/qoAkw+LRWrJK1bX3ZBXvHdqattjXzHIBfZR9+A8u2tx0=</latexit><latexit sha1_base64="KsaZ9H/uJAhzcYm8h/+RvAxY8y8=">AAACX3icfVHPS8MwGE3rrzmnVj2Jl+AQ5sHRiuA8CIIePE7Y3GCdJc3SLSxpS5KqI/af9ObBi3+J2Q9hbuIHgZf3vsf35SVMGZXKdT8se2V1bX2jsFncKm3v7Dp7+48yyQQmTZywRLRDJAmjMWkqqhhpp4IgHjLSCoe3Y731TISkSdxQo5R0OerHNKIYKUMFzst9xedIDTBi+i4/hdfQjwTC2sv125zwlvsy44Geo3I4dYaRfs 0DCc/gz9XnWX76r/jUCJyyW3UnBZeBNwNlMKt64Lz7vQRnnMQKMyRlx3NT1dVIKIoZyYt+JkmK8BD1ScfAGHEiu3oSUA5PDNODUSLMiRWcsPMOjbiUIx6azvGaclEbk39pnUxFta6mcZopEuPpoChjUCVwnDbsUUGwYiMDEBbU7ArxAJmAlfmTognBW3zyMmieV6+q3sNF+aY2S6MAjsAxqAAPXIIbcA/qoAkw+LRWrJK1bX3ZBXvHdqattjXzHIBfZR9+A8u2tx0=</latexit><latexit sha1_base64="KsaZ9H/uJAhzcYm8h/+RvAxY8y8=">AAACX3icfVHPS8MwGE3rrzmnVj2Jl+AQ5sHRiuA8CIIePE7Y3GCdJc3SLSxpS5KqI/af9ObBi3+J2Q9hbuIHgZf3vsf35SVMGZXKdT8se2V1bX2jsFncKm3v7Dp7+48yyQQmTZywRLRDJAmjMWkqqhhpp4IgHjLSCoe3Y731TISkSdxQo5R0OerHNKIYKUMFzst9xedIDTBi+i4/hdfQjwTC2sv125zwlvsy44Geo3I4dYaRfs 0DCc/gz9XnWX76r/jUCJyyW3UnBZeBNwNlMKt64Lz7vQRnnMQKMyRlx3NT1dVIKIoZyYt+JkmK8BD1ScfAGHEiu3oSUA5PDNODUSLMiRWcsPMOjbiUIx6azvGaclEbk39pnUxFta6mcZopEuPpoChjUCVwnDbsUUGwYiMDEBbU7ArxAJmAlfmTognBW3zyMmieV6+q3sNF+aY2S6MAjsAxqAAPXIIbcA/qoAkw+LRWrJK1bX3ZBXvHdqattjXzHIBfZR9+A8u2tx0=</latexit><latexit sha1_base64="KsaZ9H/uJAhzcYm8h/+RvAxY8y8=">AAACX3icfVHPS8MwGE3rrzmnVj2Jl+AQ5sHRiuA8CIIePE7Y3GCdJc3SLSxpS5KqI/af9ObBi3+J2Q9hbuIHgZf3vsf35SVMGZXKdT8se2V1bX2jsFncKm3v7Dp7+48yyQQmTZywRLRDJAmjMWkqqhhpp4IgHjLSCoe3Y731TISkSdxQo5R0OerHNKIYKUMFzst9xedIDTBi+i4/hdfQjwTC2sv125zwlvsy44Geo3I4dYaRfs 0DCc/gz9XnWX76r/jUCJyyW3UnBZeBNwNlMKt64Lz7vQRnnMQKMyRlx3NT1dVIKIoZyYt+JkmK8BD1ScfAGHEiu3oSUA5PDNODUSLMiRWcsPMOjbiUIx6azvGaclEbk39pnUxFta6mcZopEuPpoChjUCVwnDbsUUGwYiMDEBbU7ArxAJmAlfmTognBW3zyMmieV6+q3sNF+aY2S6MAjsAxqAAPXIIbcA/qoAkw+LRWrJK1bX3ZBXvHdqattjXzHIBfZR9+A8u2tx0=</latexit>

Supervised clustering [EK et al. 2013]

H(D) =
1

|D|
X

s2D

X

r2D
⇢(s, r)
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Joint regression and 
Classification
[Glocker et al. 2012]

Semisupervised
[Criminisi et al. 2011]
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Context
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Context – atlas-based methods
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Segmentation through registration

Atlases

Image
Registration

New Image Candidates

Label
Fusion

Label
Propagation

Segmentation
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Context – Feature selection 

• Many simple features [Viola & Jones 2001]
Haar-like intensity differences
Simple averages
Local binary patterns [Pauly et al. 2011]

• Node optimization in RF chooses what 
feature to use – no need to define good 
features

• RF is not the only algorithm that solves it 
this way, see Boosting.

j(n), ⌧n = argmax
j,⌧

L(j, ⌧)
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Context – Hough transform type voting

• Every voxel makes a prediction

[Gall et al. TPAMI 2011]

• Useful for localization and detection of 

normal anatomical structures

• Voxels use their context for the prediction
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Detecting and predicting anatomical structures

4/5/17Ender Konukoglu 44

[Glocker et al. , 2013]
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§ Interpretation = is the feature 
useful for prediction?

§ Decision trees are interpretable
§ At each level, we can visualize 

the test being used
§ Random forests are less 

interpretable due to multiple 
trees

§ Feature selection is essential in 
identifying relevant features 
among many

10/24/16Ender Konukoglu 45

Interpretability
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§ Various alternative measures 
that “quantify” feature selection

10/24/16Ender Konukoglu 46

Importance measures

ISF (x) =
X

T

X

n

1(x = xn)
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Cost-based, e.g. Gini importance

Permutation testing:
Permute the feature of interest across the dataset
Retrain the Random Forest
Evaluate drop in prediction accuracy
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Example: Age and brain

small k the estimated neighbours differ from the true neighbours.
As k increase the agreement between the true neighbourhood and
the estimated one increases. In (b) we see that the mean ages in the
estimated neighbourhood and the true one are similar for all k. This
suggests that even though the estimated neighbours differ from
the true neighbours, they are in the same age group, which is the
important aspect for the analysis. We also see both in (a) and (b)
that NAF produces a more accurate estimate of the neighbourhood
compared to appearance-based clustering.

3.1.7. Comparison with supervised-metric learning
As we mentioned in the introduction, NAF is not the only option

for estimating the neighbours of a test sample within a training data
base, where neighbourhood is induced by an arbitrary distance.

Supervised metric learning framework provides the tools for this
purpose as well. Specifically, metric learning aims to reduce the
dimensions of the feature space that data points are originally repre-
sented in, such that the Euclidean distance in the reduced dimension
space approximates the neighbourhood structure between data
points, which can be induced by an arbitrary distance. This is
achieved by a globally linear or locally linear transformation of the
original feature space. Metric learning methods use a training data-
base to determine such a transformation. For a test image, they com-
pute its out-of-sample projection on the reduced dimension space,
where the distance between the test sample and the training sam-
ples provide an approximation of the closest neighbours.

In this last part, we compare NAF with four supervised metric
learning methods: Neighbourhood Components Analysis (NCA)

(a) Feature locations selected by NAF based on age distance

(b) Feature locations selected by NAF based on intensity distance

Fig. 5. Feature Selection Frequency: Maps show the frequencies at which each feature is selected during the training of NAF at the first three levels of the trees throughout the
forest. (a) NAF is trained on the pairwise image distance q(!, !) defined on subjects’ ages. (b) NAF is trained on a distance defined as the difference between feature vectors of
the images, i.e. appearance distance. We note that the selected features are significantly different. NAF selects features from anatomical areas that show substantial change
with ageing (Luft et al., 1999; Gunning-Dixon et al., 2008) when q(!, !) depends on the subjects’ age. When the distance depends only on the appearance of images this is not
the case.
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Fig. 6. (a) Regression accuracy as a function of D. Figure shows overfitting effects at low D and underlearning effects at high D. (b) Regression accuracy as a function of the
number of trees. Figure shows that more trees in general improve accuracy however as the number of trees increase the marginal benefit of each additional tree becomes less.
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Intensity clustering selected features

Age regression selected features

[Konukoglu et al. MedIA 2013]
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Abstract
Background: Regularized regression methods such as principal component or partial least
squares regression perform well in learning tasks on high dimensional spectral data, but cannot
explicitly eliminate irrelevant features. The random forest classifier with its associated Gini feature
importance, on the other hand, allows for an explicit feature elimination, but may not be optimally
adapted to spectral data due to the topology of its constituent classification trees which are based
on orthogonal splits in feature space.

Results: We propose to combine the best of both approaches, and evaluated the joint use of a
feature selection based on a recursive feature elimination using the Gini importance of random
forests' together with regularized classification methods on spectral data sets from medical
diagnostics, chemotaxonomy, biomedical analytics, food science, and synthetically modified spectral
data. Here, a feature selection using the Gini feature importance with a regularized classification by
discriminant partial least squares regression performed as well as or better than a filtering
according to different univariate statistical tests, or using regression coefficients in a backward
feature elimination. It outperformed the direct application of the random forest classifier, or the
direct application of the regularized classifiers on the full set of features.

Conclusion: The Gini importance of the random forest provided superior means for measuring
feature relevance on spectral data, but – on an optimal subset of features – the regularized
classifiers might be preferable over the random forest classifier, in spite of their limitation to model
linear dependencies only. A feature selection based on Gini importance, however, may precede a
regularized linear classification to identify this optimal subset of features, and to earn a double
benefit of both dimensionality reduction and the elimination of noise from the classification task.
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dom forest performs well on the unselected data sets, and
that little or no benefit is incurred by an additional
explicit feature selection (Table 2, Fig. 5), it is apparent
that an implicit feature selection is at work and performs
well when training the random forest classifier. Ulti-
mately, however, the random forest classifier was sur-
passed in performance by any of the regularized linear
methods on all data sets (Table 2: column 9 vs. column 7–
8). This rather weak classification performance of the ran-
dom forest may be seen in line with [20], but contrasts
results of e.g. [10,18] using random forest in the classifi-
cation of microarrays, similar to spectra in their high
dimensionality of their feature vectors. Few differences

could be observed between D-PLS and D-PCR classifica-
tion. Among the different feature selection strategies, the
Wilcoxon-test and the Gini importance performed better
on average than the iterated selection based on the regres-
sion coefficients (Fig. 5, Table 2), with slightly better clas-
sification results for the Gini importance (Table 2).
Overall, while the Gini importance was preferable in fea-
ture selection, the chemometric methods performed bet-
ter than random forest in classification, in spite of their
limitation to model linear dependencies only.

Importance measures on NMR candida dataFigure 2
Importance measures on NMR candida data. in the range from 0.35 to 4 ppm (indicated in the upper figure) for all 1500 
spectral channels (indicated in the lower figure). Top: p-values of a t-test (black) and Wilcoxon test (gray). Below: Gini impor-
tance of a random forest with 3000 trees (gray) and 6000 trees (black). Compare t ranked measures in Fig. 3.
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The relationship between spatially distributed fMRIpatterns and experimental stimuli or tasks offers insights into
cognitive processes beyond those traceable from individual local activations. The multivariate properties of the
fMRI signals allow us to infer interactions among individual regions and to detect distributed activations of
multiple areas. Detection of task-specificmultivariate activity in fMRI data is an important openproblem that has
drawn much interest recently. In this paper, we study and demonstrate the benefits of random forest classifiers
and the associatedGini importancemeasure for selecting voxel subsets that form amultivariate neural response.
The Gini importance measure quantifies the predictive power of a particular feature when considered as part of
the entire pattern. Themeasure is based on a random sampling of fMRI time points and voxels. As a consequence
the resulting voxel score, orGini contrast, is highly reproducible and reliably includes all informative features. The
method does not rely on a priori assumptions about the signal distribution, a specific statistical or functional
model or regularization. Instead, it uses the predictive power of features to characterize their relevance for
encoding task information. The Gini contrast offers an additional advantage of directly quantifying the task-
relevant information in a multiclass setting, rather than reducing the problem to several binary classification
subproblems. In a multicategory visual fMRI study, the proposed method identified informative regions not
detected by the univariate criteria, such as the t-test or the F-test. Including these additional regions in the feature
set improves the accuracy of multicategory classification. Moreover, we demonstrate higher classification
accuracy and stability of the detected spatial patterns across runs than the traditional methods such as the
recursive feature elimination used in conjunction with support vector machines.

© 2010 Elsevier Inc. All rights reserved.

Introduction

Functional magnetic resonance imaging (fMRI) allows us to study
the relationship between experimental conditions and the brain
response at different locations. The traditional analysis methods
analyze the data in a univariate fashion, that is, they examine the
contributions of different experimental conditions to the fMRI
response of each voxel separately (Friston et al., 1994). Recently, a
new approach, often referred to as multivariate pattern analysis
(MVPA), has emerged that considers patterns of responses across
voxels that carry information about different experimental conditions
(Haxby et al., 2001). In the multivariate pattern analysis framework,
the response of each voxel is considered relevant to the experimental
variables not only on its own but also in conjunction with the
responses of other spatial locations in the brain. Most multivariate
pattern analysis methods train a classifier on a subset of fMRI images
in an experiment and use the classifier to predict the experimental
conditions in the unseen subset. This approach has proved successful
in a variety of applications (Norman et al., 2006; O'Toole et al., 2007).

One of the major challenges of multivariate pattern analysis is that
fMRI images contain a large number of uninformative, noisy voxels
that carry no useful information about the category label. At the same
time, voxels that do contain information are often strongly correlated.
When trained with a relatively small number of examples, the
resulting classifier is likely to capture irrelevant patterns and suffer
from poor generalization performance. To mitigate the first problem,
feature selection must be performed before, or in conjunction with,
training (De Martino et al., 2008; Pereira et al., 2009).

Furthermore, the ultimate goal of most fMRI experiments is not to
achieve high classification performance but to characterize the
functional organization of the brain. Identifying the complete set of
task-dependent meaningful features promises not only to improve
the generalization performance of the learning algorithms but also to
provide insights into the structure of the functional areas in the brain.
Specifically, a feature selection method can identify regions that
process information related to specific stimuli. In light of this
exploratory goal, feature selection becomes more than a mere tool
in optimally regularizing the learning algorithm, but the main aim of
the analysis.

In this paper, we focus on the problem of reproducible feature
selection and examine a fully multifeature, multiclass method in
application to fMRI analysis that improves upon the previous
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§ It is possible to compute false positive rates for feature 
selection frequency
[Konukoglu and Ganz 2014, arXiv:1410.2838]

§ Selected set is not complete! 
Knock-out procedure similar to gene studies
[Ganz et al. Neuroimage 2015]
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Extra

as relevant. A value of ten indicates that the feature has been chosen in all
the subsets and a value of one that it has been chosen in only one. In the
first row,we show the results of univariate analysiswith cluster-wise cor-
rections, for which the voxel-wise and cluster-wise parameters are indi-
cated inside parentheses in that order. In the second row we show the
results of the proposed method with two different parameter settings,
whichwere selected based on their performance on the synthetic ex-
periments. The results for the proposed method were also corrected
for multiple comparison using the cluster wise threshold of 0.05. The
parameter settings are indicated under each figure as (α, C, cwt).

In Fig. 7(b) we plot the relationship between the relevant feature
sets identified using the subsampled datasets and the entire dataset.
Specifically, we calculated the ratio of the number of relevant features

identified in each subsampled dataset to the same number obtained
using the entire dataset. The figure shows the box-plot where we plot
the 10 ratios for each of the four different analyses (two different pa-
rameter settings for both the univariate and NAF-KO) as jittered points
together with their mean and 95% confidence intervals for the mean.
We performed paired two-sided t-tests between the univariate and
NAF-KO results, where ⋆ : p b 0.05, ⋆⋆ : p b 0.01 and ⋆⋆⋆ : p b 0.001.

The results in Fig. 7(a) and (b) show that overall NAF-KO demonstrat-
ed a higher reproducibility than univariate tests. In Fig. 7(a) NAF-KO re-
sults display much larger regions with high sums (N7) than the
univariate results. Specifically, we note that the sizes of the regions that
got identified in all of the subsampled datasets (regions with sum 10)
are substantially larger for NAF-KO results than univariate analysis. This

Fig. 5. Relevant feature maps for different MVPAmethods detected on the OASIS dataset. Results are overlayed on the inflated surface of the left hemisphere of a common coordinate sys-
tem (fsaverage5) inmedial and lateral views. In graywe show the gyral pattern of the common coordinate system,where dark gray areas are sulci and light gray areas are gyri. The yellow
regions are the relevant feature locations identified by each model. Underneath each image we detail which algorithm and which parameter settings were used.
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Features predictive of aging
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§ Elementary stuff
§ Historical overview (supervised learning)
§ Closer look at Random Forests
§ Comparison to DL 

§ Feature selection vs. representation learning
§ Hierarchical partitioning vs combining different attributes
§ Context integration vs. receptive field
§ Ensembles vs. Drop-out
§ Interpretability

§ Cross-breeds
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§ Forest use hand-crafted features
§ Very simple but lots
§ Select important features at nodes
§ Greedy selection – suboptimal 
§ Fast to extract even in CPU

§ Learn task-specific better features
§ Simple features in one layer
§ Complicated features when 

combined through layers
§ Global optimization – less 

suboptimal features
§ Often requires GPU 
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Feature selection vs. representation learning

+
-

Random forest Deep learning
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§ Hierarchical partitioning of the 
feature space

§ Divide a complex problem into 
successive binary problems

§ Many regions for each class 
different parts of a tree separates 
different regions

§ Extracting information so that 
classes are linearly separable 
(think about the final layer)

§ Extract and combine many different 
attributes in non-linear functions

§ Solves one big problem
§ In final separation, one region per 

class, all samples in the same 
region

10/24/16Ender Konukoglu 52

Partitioning vs combining attributes
[Balestriero arXiv 2017]

Random forest Deep learning

2

Fig. 1. Random Projection Tree example on 2D.

involve a validation set, criteria on the impurity reduction or on
the number of examples reaching a node. Finally, hypothesis
testing using a Chi-Square test Goulden (1939) to see if the
class distribution of the children is different than the parent can
also be used. Early stopping can be detrimental by stopping the
exploration, known as the horizon effect Duda et al. (2012),
a DT can instead be fully developed and then postpruned
using some heuristics which is a way to regularize the splits.
In fact, in the case of a fully developed DT and if there is
not two identical objects xi, xj in the dataset with different
class label, the decision tree can learn the dataset, leading to
zero re-substitution error but making them instable. In fact,
it can memorize the training set and thus a small change
in the input would lead to a completely different fitted tree.
The main limitation of univariate DT resides in the axis-
aligned splits. This inherently implies that the performance
of DT is not invariant to the rotation of the input space and
for cognitive tasks, tests that are done only on one attribute
at a time lead extremely poor results if some hand-crafted
features are not provided. As a result, oblique decision trees
have been developed for which a test is now done on a linear
combination of the attributes of x. Since the splitting is still
not differentiable, optimizing the cutting value and the weight
vector w is usually done with Genetic Algorithms (GA)Cantu-
Paz and Kamath (2003). Finally, unsupervised pre-processing
has also been developed with Random Projection Trees Das-
gupta and Freund (2008); Blaser and Fryzlewicz (2015) and
PCA Trees Verma et al. (2009); Sproull (1991) to avoid the
rotation problems. A partitioning example is presented in Fig.
I-B for a univariate and oblique tree. The contributions of the
paper are: learning arbitrary decision boundaries as opposed to
axis-aligned or linear through a global optimization framework
as opposed to greedy optimization via differentiable splitting
nodes. The derivation of the HNN allowing the use of deep
neural networks with a new deep hashing layer which is related
to Locality Sensitive Hashing (LSH). Finally, the use of the
developed HNN for supervised and unsupervised problems as
well as classification and regression tasks.

X11

X22X21

L2L1 L4L3

Fig. 2. Simple Tree

II. NEURAL DECISION TREES

We first introduce the neural decision tree (NDT) which
is a soften version of decision trees allowing finely learned
arbitrary decision surfaces for each node split and a global
optimization framework. We first review briefly supervised
LSH as the neural decision tree is a particular instance of
a LSH framework.

A. Locality Sensitive Hashing
Locality Sensitive Hashing Gionis et al. (1999); Charikar

(2002) aims at mapping similar inputs to the same hash
value. In the case of trees, the hash value corresponds to the
reached leaf. Learning this kind of function in a supervised
manner has been studied Liu et al. (2012). For example
in Xia et al. (2014) the similarity matrix induced by the
labels is factorized into H

T
H and the features H are learned

through a CNN. In Salakhutdinov and Hinton (2009) a deep
autoencoder is learned in an unsupervised manner and the
latent representation is then used for LSH. This last framework
will be a special case of our unsupervised HNN with the
main difference that the autoencoder will not just be trained to
reconstruct the input but also provide a meaningful clustered
latent space representation.

B. Model
The main change we perform on a decision tree to make it

differentiable is to replace the splitting function which can be
seen as an indicator function into a sigmoid function

�(x) =
1

1 + e�x
. (6)

We now interpret for each node i, j the output of �(x)i,j
as the probability that the instance x goes to the left child
of the node, note that this is a generalized version of the
node change suggested in Laptev and Buhmann (2014). For
example, looking at the tree representation 2, we have

P (x 2 L1) = P (X1 = left|x)P (X22 = left|X1 = left, x).
(7)

In fact, if we denote the attributes and threshold value for each
node Xi,j in the tree as attXi,j and bXi,j , we can denote the
probability of a point to be passed to the left child through
the use of a sigmoid function as

P (Xi,j = left|x,X⇡i,j ) = 1x(attX1 )<bX1
for DT, (8)

P (Xi,j = left|x,X⇡i,j ) = �i,j(x) for NDT, (9)

[Image taken from Balestriero 2017]
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§ Contextual features
§ Representing each point with 

random features at different offsets
§ Selects relevant features to take 

into account part of the context that 
is useful

§ Receptive fields
§ Neurons at deeper layers “sees” a 

larger portion of an image
§ Pooling, dilated convolution,…
§ Extracts relevant features to take 

into account context for the task

10/24/16Ender Konukoglu 53

Context integration vs. receptive field

Random forest Deep learning
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§ By construction
§ Many independent trees
§ Random feature subsampling
§ Bagging
§ Aggregation
§ Better generalization

§ Drop-out 
§ At test-time it emulates different 

networks
§ Aggregation either at each 

node or at the final round
§ Is there bagging? Is there use 

for it? 
§ Explicit feature randomization? 
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Ensemble vs. drop-out

Random forest Deep learning
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§ Feature selection based 

importance measures

§ False positive rate limits 
[Konukoglu and Ganz 2014]

§ Various strategies to improve
[Ganz et al. 2015]

§ Less interpretable in general

§ Saliency maps

§ Class activation mapping

§ Visual attribution 
[Baumgartner et al. 2018]
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Interpretability

Random forest Deep learning

small k the estimated neighbours differ from the true neighbours.
As k increase the agreement between the true neighbourhood and
the estimated one increases. In (b) we see that the mean ages in the
estimated neighbourhood and the true one are similar for all k. This
suggests that even though the estimated neighbours differ from
the true neighbours, they are in the same age group, which is the
important aspect for the analysis. We also see both in (a) and (b)
that NAF produces a more accurate estimate of the neighbourhood
compared to appearance-based clustering.

3.1.7. Comparison with supervised-metric learning
As we mentioned in the introduction, NAF is not the only option

for estimating the neighbours of a test sample within a training data
base, where neighbourhood is induced by an arbitrary distance.

Supervised metric learning framework provides the tools for this
purpose as well. Specifically, metric learning aims to reduce the
dimensions of the feature space that data points are originally repre-
sented in, such that the Euclidean distance in the reduced dimension
space approximates the neighbourhood structure between data
points, which can be induced by an arbitrary distance. This is
achieved by a globally linear or locally linear transformation of the
original feature space. Metric learning methods use a training data-
base to determine such a transformation. For a test image, they com-
pute its out-of-sample projection on the reduced dimension space,
where the distance between the test sample and the training sam-
ples provide an approximation of the closest neighbours.

In this last part, we compare NAF with four supervised metric
learning methods: Neighbourhood Components Analysis (NCA)

(a) Feature locations selected by NAF based on age distance

(b) Feature locations selected by NAF based on intensity distance

Fig. 5. Feature Selection Frequency: Maps show the frequencies at which each feature is selected during the training of NAF at the first three levels of the trees throughout the
forest. (a) NAF is trained on the pairwise image distance q(!, !) defined on subjects’ ages. (b) NAF is trained on a distance defined as the difference between feature vectors of
the images, i.e. appearance distance. We note that the selected features are significantly different. NAF selects features from anatomical areas that show substantial change
with ageing (Luft et al., 1999; Gunning-Dixon et al., 2008) when q(!, !) depends on the subjects’ age. When the distance depends only on the appearance of images this is not
the case.
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Fig. 6. (a) Regression accuracy as a function of D. Figure shows overfitting effects at low D and underlearning effects at high D. (b) Regression accuracy as a function of the
number of trees. Figure shows that more trees in general improve accuracy however as the number of trees increase the marginal benefit of each additional tree becomes less.

798 E. Konukoglu et al. / Medical Image Analysis 17 (2013) 790–804

[Image taken from Konukoglu et al. 2013]

Figure 5. Coronal and sagittal views of generated AD effect maps for three subjects and actual observed effects. Maps are shown as
coloured overlay over the input image. The ventricular (arrow A) and hippocampal (arrow B) regions are particularly affected by the
disease and are reliably captured by VA-GAN. In later stages also other brain regions such as the temporal lobe (arrow C) are affected. We
also report the ADAS13 cognitive exam scores (larger means AD is further progressed) and the ADNI identifier (rid) for each subject.

5. Limitations and discussion
We have proposed a method for visual feature attribution

using Wasserstein GANs. It was shown that, in contrast to
backprop-based methods, our technique can capture multi-
ple regions affected by disease effects, and produces state-
of-the-art results for the prediction of disease effect maps in
neuroimaging data and on a synthetic dataset.

Currently, the method assumes that the category labels
of the test data are known during test-time. In case they are
unknown, the method could be easily combined with classi-
fier which produces this information. We only evaluated the
method for the case of two labels. More categories could be

addressed by training multiple map generators each map-
ping to a background class (assuming there is one).

In the future, we plan to explicitly model other effects
such as ageing or the presence or absence of certain genes
on the ADNI data, investigate the method on other datasets
and apply it to other problems such as weakly-supervised
localisation.
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§ Elementary stuff
§ Historical overview (supervised learning)
§ Closer look at Random Forests
§ Comparison to DL 
§ Cross-breeds

§ Neural decision forests for semantic image labeling
[Bulo and Kontschieder, CVPR 2014]

§ Deep neural decision forest, Neural decision trees
[Kontschieder et al. ICCV 2015], [Balestriero arXiv 2017]
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Changing the node split
[Bulo & Kontschieder CVPR 2014]

parent

left child right child

�n(x) =

⇢
0, �T

n x < ⌧n
1, �T

n x � ⌧n
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Traditional deterministic split function
e.g.

x1

x2

x3

x4

x5

y1

Hidden layer I

Hidden layer II

�n(x)
<latexit sha1_base64="fAPUuocN1JBbjoC5xwpRBvoFB3o=">AAAB+nicbVBNS8NAFHypX7V+xXr0EixCvZRECuqt4MVjBWMLTQib7aZdutmE3Y20hP4VLx5UvPpLvPlv3LQ5aOvAwjDzHm92wpRRqWz726hsbG5t71R3a3v7B4dH5nH9USaZwMTFCUtEP0SSMMqJq6hipJ8KguKQkV44uS383hMRkib8Qc1S4sdoxGlEMVJaCsy6l45pwJtejNQ4jPLp/CIwG3bLXsBaJ05JGlCiG5hf3jDBWUy4wgxJOXDsVPk5EopiRuY1L5MkRXiCRmSgKUcxkX6+yD63zrUytKJE6MeVtVB/b+QolnIWh3qyiChXvUL8zxtkKrr2c8rTTBGOl4eijFkqsYoirCEVBCs20wRhQXVWC4+RQFjpumq6BGf1y+vEvWzdtJz7dqPTLtuowimcQRMcuIIO3EEXXMAwhWd4hTdjbrwY78bHcrRilDsn8AfG5w9NW5Qe</latexit><latexit sha1_base64="fAPUuocN1JBbjoC5xwpRBvoFB3o=">AAAB+nicbVBNS8NAFHypX7V+xXr0EixCvZRECuqt4MVjBWMLTQib7aZdutmE3Y20hP4VLx5UvPpLvPlv3LQ5aOvAwjDzHm92wpRRqWz726hsbG5t71R3a3v7B4dH5nH9USaZwMTFCUtEP0SSMMqJq6hipJ8KguKQkV44uS383hMRkib8Qc1S4sdoxGlEMVJaCsy6l45pwJtejNQ4jPLp/CIwG3bLXsBaJ05JGlCiG5hf3jDBWUy4wgxJOXDsVPk5EopiRuY1L5MkRXiCRmSgKUcxkX6+yD63zrUytKJE6MeVtVB/b+QolnIWh3qyiChXvUL8zxtkKrr2c8rTTBGOl4eijFkqsYoirCEVBCs20wRhQXVWC4+RQFjpumq6BGf1y+vEvWzdtJz7dqPTLtuowimcQRMcuIIO3EEXXMAwhWd4hTdjbrwY78bHcrRilDsn8AfG5w9NW5Qe</latexit><latexit sha1_base64="fAPUuocN1JBbjoC5xwpRBvoFB3o=">AAAB+nicbVBNS8NAFHypX7V+xXr0EixCvZRECuqt4MVjBWMLTQib7aZdutmE3Y20hP4VLx5UvPpLvPlv3LQ5aOvAwjDzHm92wpRRqWz726hsbG5t71R3a3v7B4dH5nH9USaZwMTFCUtEP0SSMMqJq6hipJ8KguKQkV44uS383hMRkib8Qc1S4sdoxGlEMVJaCsy6l45pwJtejNQ4jPLp/CIwG3bLXsBaJ05JGlCiG5hf3jDBWUy4wgxJOXDsVPk5EopiRuY1L5MkRXiCRmSgKUcxkX6+yD63zrUytKJE6MeVtVB/b+QolnIWh3qyiChXvUL8zxtkKrr2c8rTTBGOl4eijFkqsYoirCEVBCs20wRhQXVWC4+RQFjpumq6BGf1y+vEvWzdtJz7dqPTLtuowimcQRMcuIIO3EEXXMAwhWd4hTdjbrwY78bHcrRilDsn8AfG5w9NW5Qe</latexit><latexit sha1_base64="fAPUuocN1JBbjoC5xwpRBvoFB3o=">AAAB+nicbVBNS8NAFHypX7V+xXr0EixCvZRECuqt4MVjBWMLTQib7aZdutmE3Y20hP4VLx5UvPpLvPlv3LQ5aOvAwjDzHm92wpRRqWz726hsbG5t71R3a3v7B4dH5nH9USaZwMTFCUtEP0SSMMqJq6hipJ8KguKQkV44uS383hMRkib8Qc1S4sdoxGlEMVJaCsy6l45pwJtejNQ4jPLp/CIwG3bLXsBaJ05JGlCiG5hf3jDBWUy4wgxJOXDsVPk5EopiRuY1L5MkRXiCRmSgKUcxkX6+yD63zrUytKJE6MeVtVB/b+QolnIWh3qyiChXvUL8zxtkKrr2c8rTTBGOl4eijFkqsYoirCEVBCs20wRhQXVWC4+RQFjpumq6BGf1y+vEvWzdtJz7dqPTLtuowimcQRMcuIIO3EEXXMAwhWd4hTdjbrwY78bHcrRilDsn8AfG5w9NW5Qe</latexit>

Using MLP as a non-linear split function

• Soft-split function instead of deterministic
• Appropriate cost function

p (ys|⇡R)�n(xs|✓) + p (ys|⇡L) (1� �n(xs|✓))
<latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit><latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit><latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="zCJnOeG/BnYtj+xhzElhmj1z8I0=">AAACUnicfVHPS8MwGE3r7znn9OolKMKGOFov6k3w4sGDinPCOkqafV3D0rQkX8VR9096Ey/+KWZziG7ig8DLe3nky0uUS2HQ894cd2l5ZXVtfaOyWd2qbdd3qg8mKzSHNs9kph8jZkAKBW0UKOEx18DSSEInGl5O/M4TaCMydY+jHHopGygRC87QSmG9yAMJMTZGoaEvNMhFeEcDLQYJNu0uEaFqBCnDJIrL53FoXgJMAFmTHtGF4PV3sOHT4//SzbB+4LW8Kegi8WfkgMxwE9Zfg37GixQUcsmM6fpejr2SaRRcwrgSFAZyxodsAF1LFUvB9MppPWN6aJU+jTNtl0I6VX8mSpYaM0oje3IyrJn3JuJfXrfA+KxXCpUXCIp/XRQXkmJGJ13TvtDAUY4sYVwLOyvlCdOMo/2Rii3Bn3/yImmftM5b/q1H1ske2ScN4pNTckGuyA1pE07eHcepOJvOh7vqVr/acp1ZbbvkF9zaJ844svM=</latexit><latexit sha1_base64="zCJnOeG/BnYtj+xhzElhmj1z8I0=">AAACUnicfVHPS8MwGE3r7znn9OolKMKGOFov6k3w4sGDinPCOkqafV3D0rQkX8VR9096Ey/+KWZziG7ig8DLe3nky0uUS2HQ894cd2l5ZXVtfaOyWd2qbdd3qg8mKzSHNs9kph8jZkAKBW0UKOEx18DSSEInGl5O/M4TaCMydY+jHHopGygRC87QSmG9yAMJMTZGoaEvNMhFeEcDLQYJNu0uEaFqBCnDJIrL53FoXgJMAFmTHtGF4PV3sOHT4//SzbB+4LW8Kegi8WfkgMxwE9Zfg37GixQUcsmM6fpejr2SaRRcwrgSFAZyxodsAF1LFUvB9MppPWN6aJU+jTNtl0I6VX8mSpYaM0oje3IyrJn3JuJfXrfA+KxXCpUXCIp/XRQXkmJGJ13TvtDAUY4sYVwLOyvlCdOMo/2Rii3Bn3/yImmftM5b/q1H1ske2ScN4pNTckGuyA1pE07eHcepOJvOh7vqVr/acp1ZbbvkF9zaJ844svM=</latexit><latexit sha1_base64="wiH86acraUEcwLyvdiqaufsb1vc="></latexit><latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit><latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit><latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit><latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit><latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit><latexit sha1_base64="fsZc7+7aTiJIpYogLa+iphpkJQE="></latexit>

L(✓) = max
(⇡R,⇡L)

SY

s=1

p (ys|xs, (⇡R,⇡L) , ✓)
<latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit><latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit><latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="UrQiw6+LPOUrCXCk7q59DsbenEs="></latexit><latexit sha1_base64="UrQiw6+LPOUrCXCk7q59DsbenEs="></latexit><latexit sha1_base64="tmhuSLkxKGFtkzfXond711Jh458="></latexit><latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit><latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit><latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit><latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit><latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit><latexit sha1_base64="f1LN74UnkpAwcM6vj99nG8aoK4A="></latexit>

✓⇤ = argmax
✓

L(✓)
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Deep neural decision forests – differentiable 
trees [Kontschieder et al. ICCV 2015]

• Global optimization not greedy
• Differentiable trees

d1

d2

d4 d5

d3

d6 d7

ℓ4
Figure 1. Each node n ∈ N of the tree performs routing decisions

via function dn(·) (we omit the parametrization Θ). The black

path shows an exemplary routing of a sample x along a tree to

reach leaf ℓ4, which has probability µℓ4 = d1(x)d̄2(x)d̄5(x).

product in (2) runs over all nodes, only decision nodes along
the path from the root node to the leaf ℓ contribute to µℓ,
because for all other nodes 1ℓ↙n and 1n↘ℓ will be both 0
(assuming 00 = 1, see Fig. 1 for an illustration).

Decision nodes In the rest of the paper we consider deci-
sion functions delivering a stochastic routing with decision
functions defined as follows:

dn(x;Θ) = σ(fn(x;Θ)) , (3)

where σ(x) = (1 + e−x)−1 is the sigmoid function, and
fn(·;Θ) : X → R is a real-valued function depending
on the sample and the parametrization Θ. Further details
about the functions fn can be found in Section 4.1, but in-
tuitively depending on how we choose these functions we
can model trees having shallow decisions (e.g. such as in
oblique forests [13]) as well as deep ones.

Forests of decision trees. A forest is an ensemble of de-
cision trees F = {T1, . . . , Tk}, which delivers a prediction
for a sample x by averaging the output of each tree, i.e.

PF [y|x] =
1

k

k∑

h=1

PTh
[y|x] , (4)

omitting the tree parameters for notational convenience.

3. Learning Trees by Back-Propagation

Learning a decision tree modeled as in Section 2 requires
estimating both, the decision node parametrizations Θ and
the leaf predictions π. For their estimation we adhere to the
minimum empirical risk principle with respect to a given
data set T ⊂ X × Y under log-loss, i.e. we search for the
minimizers of the following risk term:

R(Θ,π; T ) =
1

|T |

∑

(x,y)∈T

L(Θ,π;x, y) , (5)

where L(Θ,π;x, y) is the log-loss term for the training
sample (x, y) ∈ T , which is given by

L(Θ,π;x, y) = − log(PT [y|x,Θ,π]) , (6)

and PT is defined as in (1).
We consider a two-step optimization strategy, described

in the rest of this section, where we alternate updates of Θ
with updates of π in a way to minimize (5).

3.1. Learning Decision Nodes

All decision functions depend on a common parameter
Θ, which in turn parametrizes each function fn in (3). So
far, we made no assumptions about the type of functions in
fn, therefore nothing prevents the optimization of the risk
with respect to Θ for a given π from eventually becoming
a difficult and large-scale optimization problem. As an ex-
ample, Θ could absorb all the parameters of a deep neural
network having fn as one of its output units. For this rea-
son, we will employ a Stochastic Gradient Descent (SGD)
approach to minimize the risk with respect to Θ, as com-
monly done in the context of deep neural networks:

Θ(t+1) = Θ(t) − η
∂R

∂Θ
(Θ(t),π;B)

= Θ(t) −
η

|B|

∑

(x,y)∈B

∂L

∂Θ
(Θ(t),π;x, y)

(7)

Here, 0 < η is the learning rate and B ⊆ T is a random
subset (a.k.a. mini-batch) of samples from the training set.
Although not shown explicitly, we additionally consider a
momentum term to smooth out the variations of the gradi-
ents. The gradient of the loss L with respect to Θ can be
decomposed by the chain rule as follows

∂L

∂Θ
(Θ,π;x, y) =

∑

n∈N

∂L(Θ,π;x, y)

∂fn(x;Θ)

∂fn(x;Θ)

∂Θ
. (8)

Here, the gradient term that depends on the decision tree is
given by

∂L(Θ,π;x, y)

∂fn(x;Θ)
= dn(x;Θ)Anr

− d̄n(x;Θ)Anl
, (9)

where nl and nr indicate the left and right child of node n,
respectively, and we define Am for a generic node m ∈ N
as

Am =

∑
ℓ∈Lm

πℓyµℓ(x|Θ)

PT [y|x,Θ,π]
.

With Lm ⊆ L we denote the set of leaves held by the sub-
tree rooted in node m. Detailed derivations of (9) can be
found in Section 2 of the supplementary document. More-
over, in Section 4 we describe how Am can be efficiently
computed for all nodes m with a single pass over the tree.

1469
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Representation learning and hierarchy
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Deep CNN with parameters Θ

Figure 2. Illustration how to implement a deep neural decision forest (dNDF). Top: Deep CNN with variable number of layers, subsumed

via parameters Θ. FC block: Fully Connected layer used to provide functions fn(·;Θ) (here: inner products), described in Equ. (3). Each

output of fn is brought in correspondence with a split node in a tree, eventually producing the routing (split) decisions dn(x) = σ(fn(x)).
The order of the assignments of output units to decision nodes can be arbitrary (the one we show allows a simple visualization). The circles

at bottom correspond to leaf nodes, holding probability distributions πℓ as a result from solving the convex optimization problem defined

in Equ. (10).

decision nodes can be implemented by using typically avail-
able fully-connected (or inner-product) and sigmoid layers
in DNN frameworks like Caffe or MatConvNet. Easy to
see, the number of split nodes is determined by the number
of output nodes of the preceding fully-connected layer.

Under the proposed construction, the output units of the
deep network are therefore not directly delivering the final
predictions, e.g. through a Softmax layer, but each unit is
responsible for driving the decision of a node in the for-
est. Indeed, during the forward pass through the deep net-
work, a data sample x produces soft activations of the rout-
ing decisions of the tree that induce via the routing function
a mixture of leaf predictions as per (1), which will form the
final output. Finally, please note that by assuming linear
and independent (via separate parametrizations) functions
fn(x;θn) = θ

⊤
nx, we recover a model similar to oblique

forests [13].

4.2. Routing Function

The computation of the routing function µℓ can be car-
ried out by traversing the tree once. Let ⊤ ∈ N be the
root node and for each node n ∈ N let nl and nr denote
its left and right child, respectively. We start from the root
by setting µ⊤ = 1 and for each node n ∈ N that we
visit in breadth-first order we set µnl

= dn(x;Θ)µn and
µnr

= d̄n(x;Θ)µn. At the end, we can read from the leaves
the desired values of the routing function.

4.3. Learning Decision Nodes

The forward pass of the back-propagation algorithm pre-
computes the values of the routing function µℓ(x;Θ) and
the value of the tree prediction PT [y|x,Θ,π] for each sam-

ple (x, y) in the mini-batch B. The backward pass requires
the computation of the gradient term in (9) for each sample
(x, y) in the mini-batch. This can be carried out by a single,
bottom-up tree traversal. We start by setting

Aℓ =
πℓyµℓ(x;Θ)

PT [y|x,Θ,π]

for each ℓ ∈ L. Then we visit the tree in reversed breadth-
first order (bottom-up). Once in a node n ∈ N , we can
compute the partial derivative in (9) since we can read Anl

and Anr
from the children, and we set An = Anl

+ Anr
,

which will be required by the parent node.

4.4. Learning Prediction Nodes

Before starting the iterations in (11), we precomputed
µℓ(x;Θ) for each ℓ ∈ L and for each sample x in the train-
ing set, as detailed in Subsection 4.2. The iterative scheme
requires few iterations to converge to a solution with an ac-
ceptable accuracy (20 iterations were enough for all our ex-
periments).

5. Experiments

Our experiments illustrate both, the performance of shal-
low neural decision forests (sNDFs) as standalone classi-
fiers, as well as their effect when used as classifiers in
deep, convolutional neural networks (dNDF). To this end,
we evaluate our proposed classifiers on diverse datasets,
covering a broad range of classification tasks (ranging from
simple binary classification of synthetically generated data
up to large-scale image recognition on the 1000-class Ima-
geNet dataset).

1471

• Representation learning in trees
• For each split, a CNN extracts the task-specific feature
• Hierarchy: Each output node of the CNN focuses on a subproblem 

defined by the tree structure
• [Balestriero 2017] uses a very similar idea and extends to 

unsupervised learning
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