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Image Guided Personalization of Reaction-Diffusion
Type Tumor Growth Models Using Modified
Anisotropic Eikonal Equations
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Hervé Delingette, and Nicholas Ayache

Abstract—Reaction-diffusion based tumor growth models have
been widely used in the literature for modeling the growth of
brain gliomas. Lately, recent models have started integrating
medical images in their formulation. Including different tissue
types, geometry of the brain and the directions of white matter
fiber tracts improved the spatial accuracy of reaction-diffusion
models. The adaptation of the general model to the specific pa-
tient cases on the other hand has not been studied thoroughly
yet. In this paper, we address this adaptation. We propose a pa-
rameter estimation method for reaction-diffusion tumor growth
models using time series of medical images. This method esti-
mates the patient specific parameters of the model using the
images of the patient taken at successive time instances. The pro-
posed method formulates the evolution of the tumor delineation
visible in the images based on the reaction-diffusion dynamics;
therefore, it remains consistent with the information available.
We perform thorough analysis of the method using synthetic tu-
mors and show important couplings between parameters of the
reaction-diffusion model. We show that several parameters can
be uniquely identified in the case of fixing one parameter, namely
the proliferation rate of tumor cells. Moreover, regardless of the
value the proliferation rate is fixed to, the speed of growth of the
tumor can be estimated in terms of the model parameters with
accuracy. We also show that using the model-based speed, we
can simulate the evolution of the tumor for the specific patient
case. Finally, we apply our method to two real cases and show
promising preliminary results.
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I. INTRODUCTION

RAIN TUMORS that start from glial cells, gliomas, form
B the major class of primary intracranial cancer, [1], [2].
These tumors show a high variability in their malignancy. As
some of them remain rather benign, i.e., pilocytic astrocytoma,
patients suffering from the most malignant forms, glioblastoma
multiforme, have an average life expectancy of one year [3].
During the last 20 years, there has been vast amount of re-
search on mathematical descriptions of the growth dynamics
of gliomas both at microscopic and macroscopic scales. Cel-
lular interactions, effects of intracellular dynamics and micro-
scopic invasion have been studied by mathematical models at
the microscopic scale [4]-[9]. Large scale dynamics such as
the average behavior of the tumor, its spatial evolution, and its
mass effect on the brain have been addressed by macroscopic
models [3], [5], [6], [10]-[17]. These latter models have in-
cluded in their formulation different anatomical information that
are available in medical images. Different tissue types and white
matter fiber directions are used as general parameters. How-
ever, personalizing these parameters for each patient case and
adapting the generic model to specific patient data has not been
thoroughly studied yet.

Personalizing the parameters of a tumor growth model for
each patient would clinically be important in two aspects: the
parameters and the patient-specific model. The parameters of
the model could be used to characterize the tumor and help the
diagnosis process by providing the speed of growth or quanti-
fying its morphology. The model combined with the personal-
ized parameters, the “patient-specific” model, would give us the
opportunity to simulate the evolution of the specific tumor, adapt
the therapy to the patient, and predict the further evolution.

For the last five years, specific attention has been given to one
class of macroscopic models, the reaction-diffusion models, in
the attempt to link tumor growth models to medical images [3],
[12], [13], [16], [18]-[20]. These models describe the evolution
of the pathology via proliferation of tumor cells and infiltration
into the surrounding tissue. Their formulation consists of reac-
tion-diffusion type partial differential equations (PDEs) with the
reaction term [first term in (1)] representing the proliferation and
the diffusion term representing the infiltration [21]. The system
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is the general building block of such reaction-diffusion models,
where u is the tumor cell density, D is a local diffusion tensor
(i.e., symmetric positive definite 3 X 3 matrix), p is the prolifer-
ation rate, (2 is the brain domain, and 902 represents the bound-
aries of the brain. Equation (1) describes the temporal evolution
of the tumor cell density distribution while (2) represents the
no-flux boundary conditions.

A. Previous Works on Reaction-Diffusion Type Models

Tracqui et al. proposed one of the first reaction-diffusion
models integrating information coming from medical images
[15], namely the geometry of the brain and the size of the
tumor. In their model, the tumor cells were assumed to diffuse
isotropically with a constant rate in the brain and two reaction
terms were included to take into account the proliferation and
the cell death. They applied their methodology to 2-D slices of
CT images. A different simulation was run for each slice. In
[16], Cruywagen et al. built on this idea and proposed to use two
populations of tumor cells. Swanson et al. in [18] included the
differential motility of tumor cells in reaction-diffusion models
based on the observations of Giese ef al. in [22] showing that
tumor cells migrate faster on myeling sheaths. This new model
formulated the higher motility of tumor cells in the white matter
than in the grey matter, using the tissue segmentation coming
from anatomical images [18]. They used a spatially varying
isotropic diffusion tensor, which took two different values: one
in grey and a much higher one in the white matter. Extending
this idea of differential motility, Clatz et al. in [12] and later
Jbabdi et al. in [13] have included fiber directions (anisotropy)
to introduce the directional preference in the diffusion mech-
anism of tumor cells. In both studies, the models rely on
anatomical magnetic resonance images (MRIs) and diffusion
tensor (DT) MRIs to take into account the geometry and the
fiber directions. Clatz et al. also have coupled their diffusive
model with a linear elastic mechanical model of the brain to be
able to describe the mass effect of the tumor. Recently, Hogea
et al. have extended the anisotropic model and integrated the
observation that proliferating tumor cells push each other. This
observation is formulated by an extra advection term added to
the base equation given in (1) [23]. In order to explain the mass
effect of the tumor, they also coupled their diffusive model
with a mechanical one using nonlinear elasticity. Besides the
research on improving the models themselves, several other
works showed potential clinical applications of these models
by applying them for different purposes. In [24] and [25], the
authors applied tumor growth models to register anatomical
atlases of healthy subjects onto patient images bearing tumors.
In some other works [26], [27], growth models have been used
to create synthetic images bearing tumors which are then used
to evaluate segmentation algorithms.

The reaction-diffusion models provide a general framework
allowing the integration of information coming from medical
images. Once such an integration is achieved the next step is to
adapt the model to specific patients data, in other words to per-
sonalize the model. This can be done via estimating the param-
eters of the general model which best simulates the evolution of
the tumor observed in the time series of images. The difficulty in
this estimation is due to the sparsity of the available information.
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Fig. 1. MR Flair images of a grade II astrocytoma: (a) image at the first exam-
ination and (b) image at the second examination. In the anatomical MR images,
we observe the evolution of the boundary of the visible part of the tumor rather
than the tumor cell densities.

The reaction-diffusion models describe the temporal evolution
of tumor cell density distributions while, in the images, we only
observe the evolution of the boundaries of the visible part of the
tumor. Therefore, the reaction-diffusion models are not directly
applicable in this adaptation. The tumor boundary is assumed
to correspond to an “iso-density” contour of the tumor cell den-
sity distribution [3], as shown in Fig. 1. In this paper, we use
the terms “tumor boundaries,” “tumor delineation,” and “tumor
front” interchangeably to describe the boundary of the visible

part of the tumor in the medical images.

B. Previous Works on Parameter Estimation

The task of estimating parameters from time series of images
in the context of tumor growth models is a rather unexplored
problem. A first attempt was made by Tracqui et al. in [15]
where they optimized the parameters of their model by com-
paring the area of the tumor observed in CT images at different
times and the area of the simulated tumor. The drawback of
this approach was to use tumor cell densities which requires an
initialization of tumor cell density distribution throughout the
brain. Since this is not observable in the images assumptions
about the tumor cell density distribution has to be made. More-
over, tissue inhomogeneities and observed directional prefer-
ence of tumor infiltration is not included. In [28], Hogea et al.
propose a PDE based method where they invert their model
equations and solve a constrained PDE optimization problem
to estimate the parameters. Their work takes into account both
the growth model for the glioma and its mass effect on the brain
tissue. They propose two ways to optimize for the parameters:
using tumor cell distributions and using observed deformation
based on landmarks. However, there are certain drawbacks of
their method. First of all, their first method uses the knowledge
of tumor cell density distribution in the brain. As we have men-
tioned above this information is not available in medical im-
ages. The authors mention a probabilistic method to estimate
the density distribution while the details of this method may
remain open. Moreover, considering that images mask the low
density values, estimating the tumor cell distribution is another
open problem. Their second method on the other hand links
the observed deformation to the tumor growth parameters. This
depends strongly on the assumed coupling between mechan-
ical and diffusion models. The uniqueness of the solution for
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this method is not addressed. Secondly, although they propose
the method for 3-D they only provide detailed experiments in
1-D without including real images, brain geometry, tissue inho-
mogeneities, or other available anatomical information such as
fiber directions.

Recently, Swanson et al. [29] proposed a parameter estima-
tion method for the diffusion process in petri-dish. This method
is consistent with the observables in the images as it uses the
boundaries of the visible tumor rather than tumor cell densities.
Authors have derived analytical approximations for the evolu-
tion of the tumor delineation for 2-D circular growth. Using
these solutions, they estimated the diffusion coefficient for the
petri-dish experiments. The difficulty in applying this method
to medical images is that the analytical solutions derived (hence
the method itself) assumes radial symmetric growth. This does
not have to be the case for brain tumors. The evolution of the
tumor is affected by the brain geometry, different tissues and the
fiber structures. Besides this, the existence of a reaction term
results in a different evolution than pure diffusion. Therefore,
this method need to be modified to take into account the reac-
tion term. In another work, Swanson et al., in [19] address the
parameter estimation problem from a different perspective. In
this work, they use the asymptotic properties of the reaction-dif-
fusion equations and link them to the information in the im-
ages for estimating the parameters. The advantage of this ap-
proach, like the previously mentioned work, is that it also uses
the tumor delineations visible in the images. However, one of
the drawbacks of this method is the mapping of the tumor delin-
eations to spheres with the same volume and using these spheres
in the computations. Given tissue inhomogeneity, patient spe-
cific geometry of both the brain and the tumor and the differ-
ential motility of tumor cells, this may be seen as a very strong
assumption. As a result, tumors with different parameters are
mapped to the same sphere. The second drawback comes from
the fact that authors assume tumor cell density values for the
extents of the enhancing regions in the MRIs. This is a rea-
sonable assumption unless the values are used in the estima-
tion process. Unfortunately, exact values and their inter- and
intra-patient variability are not known. Setting them to arbitrary
values introduces a bias on the estimated parameters. Authors
also do not provide an analysis of their method. In our prelim-
inary work [30], we proposed a method to estimate the speed
of growth of the tumor, also consistent with the observations in
the images. Taking into account the brain geometry, tissue inho-
mogeneity and fiber directions, the estimated speeds in the white
and in the gray matter were given in terms of the model parame-
ters. In order to achieve this, starting from the asymptotic prop-
erties of reaction-diffusion models we proposed to use a first
order anisotropic Eikonal approximation to describe the evolu-
tion of the tumor delineation (i.e. the visible tumor front in the
images). Using this approximation we formulated the param-
eter estimation problem. However, the Eikonal approximation
proposed in this previous work was first order and did not in-
clude higher order effects (i.e., the curvature of the tumor front
and the time dependence of the evolution speed) which influ-
ence the values of the parameters. Moreover, the formulation of
the parameter estimation problem did not utilize all the informa-
tion available in the images (i.e., the size of the initial tumor).

Finally, the method and the estimated parameters for the given
results were not analyzed, which is an essential part of the pa-
rameter estimation.

In this work, we propose and analyze a parameter estimation
method for reaction-diffusion based tumor growth models using
time series of medical images. The method is based on the evo-
lution of the tumor delineation rather than tumor cell densities
and in this respect it is consistent with the observations in the im-
ages. This evolution is formulated using a modified anisotropic
Eikonal model which formulates the motion of the tumor delin-
eation taking into account its curved front and the effect of time
on its speed. Unlike the previous works, the method presented
in this article takes into account tissue inhomogeneities, fiber
structures and the real geometry of both the patient’s brain and
the tumor while keeping consistent with the image information.
We also provide extensive analysis of the method and in general
the parameter estimation problem for reaction-diffusion models
in the context of glioma modeling. Finally, we show preliminary
results of the parameter estimation and the “personalization” of
growth models on two real cases. In Section II, we explain our
method, detail the anisotropic Eikonal approximation we use for
describing the temporal evolution of the tumor delineation, and
formulate the parameter estimation problem. In Section III, we
evaluate the performance of our method in retrieving the pa-
rameters of the reaction-diffusion growth models. We perform
thorough analysis of the estimated parameters and the sensitivity
to these parameters. In addition to this, we apply our method-
ology to real images and show preliminary results. Finally, we
conclude by discussing these results, the method and the future
work in Section IV.

II. METHOD

The parameter estimation methodology and the choice of the
estimated parameters depend on the exact formulation of the
underlying reaction-diffusion model. In this work, we focus on
the formulation proposed in [12], [13]. However, due to the sim-
ilarities of reaction-diffusion models the ideas we present here
can be easily adjusted to work for other formulations as well.
The model for tumor growth proposed in [12] is formulated by
the system given in (1) and (2). The diffusion tensor D, in this
model, is constructed based on the observations coming from
petri-dish experiments and patient images. Giese et al. in [22]
showed that glioma cells move faster on the myelin sheaths, the
structural element in the white matter. In addition to this, ob-
servations from medical images show that tumor cells follow
the fiber tracts. On the grey matter on the other hand, tumor
cells move slower and observations do not suggest a prefer-
ential diffusion direction. Diffusion information coming from
the DTI suggests mostly isotropic (close to isotropic) tensors in
the grey matter. As a result, in the formulation given in [12] D
is constructed as an anisotropic tensor taking into account two
different phenomena: differential motility of tumor cells in dif-
ferent tissues and directional preference of tumor cell diffusion
in the white matter. The construction of D, which is obtained
from the DT-MRI, is as follows:

dyI,

X € gray matter
D(x) =
( ) {dewaten

X € white matter
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Fig. 2. Reaction-diffusion equation in infinite cylinder admits a traveling wave solution resulting in a tumor front moving at constant speed. (a) The traveling
wave has an asymptotic speed shown in dashed curve however, when we observe the speed of the iso-density contour » = 0.5 in time we notice the low rate of
convergence to this speed (see the solid curve). An approximation of the speed of the iso-density contour including the convergence effect yields a closer curve to
the observed on (see point-dashed curve). (b) Starting from the same point the integrals of the speed curves, the distances to the initial point, are shown. Notice
that we get a much better approximation when we add the convergence effect. All axis are in non-dimensional coordinates.

where tumor cells are assumed to diffuse isotropically in the
grey matter with a rate dy and diffuse along the fiber tracts in
the white matter proportional to the diffusion tensor of the water
molecules Dyater through a coefficient d,,. In this construction
Dy, .ter 18 obtained from DT-MRI and normalized such that the
highest diffusion rate in the brain would be 1. We note that in
[12] the authors also couple the evolution of the tumor with
its mass effect on the brain but in the present study, as a first
step, we focus only on the reaction-diffusion part ignoring the
mechanical effect. Once the problem for the growing tumor is
solved and understood then the parameter estimation can also
take into account the mechanical model.

The reaction-diffusion model given by (1)—(3) describes the
temporal evolution of local tumor cell densities. As we have
noted before, this creates an inconsistency with the observables
in the images making the direct application of these models
unsuitable for the parameter estimation problem; see Fig. 1.
In order to solve the parameter estimation problem, we need
a formulation consistent with the images. The evolution of the
tumor delineation should be the phenomenon that is mathemat-
ically described instead of the evolution of the tumor cell den-
sities. In Section II-A, we detail the construction of a formu-
lation, which captures the same dynamics as the reaction-diffu-
sion model but focuses only on the tumor delineation. Once such
a formulation is available, then one can optimize the parame-
ters using different error measures and optimization schemes.
In Section II-B, we detail our choice for the error measure and
the optimization scheme.

A. Eikonal Approximation for Reaction-Diffusion Models

The asymptotic properties of the reaction-diffusion equations
under certain conditions allow us to construct a traveling time
formulation for the tumor delineation. In our previous works,
we have proposed to use such formulations in the context of
tumor growth models [30], [31]. Here, we build on those ideas
and improve our formulation.

Reaction-diffusion equations and their asymptotic properties
have been well studied in the literature [32], [33]. These prop-
erties have been used for different applications [21], [34]-[36].
The most important result for our purposes is the existence of

a traveling wave solution in the infinite cylinder and in the case
of constant coefficients (spatially and temporally constant diffu-
sion tensor D and p). Moreover, any initial condition with com-
pact support converges to this solution in time. The traveling
wave solution of (1) has the form u(z,t) = u(z — vt) = w(§),
where ¢ is the moving frame and v is the asymptotic speed of
this frame, the wavefront. When this solution is plugged into
the reaction-diffusion equation we obtain the ordinary differen-
tial equation

2

d*u du
/ _ —_ —
n'Dn & + v ¢ +pu(l—u)=0 @)

where n is the direction of motion in the infinite cylinder and the
equation describes the traveling wave solution. This is a constant
coefficient nonlinear equation and in order to have admissible
solutions, the asymptotic speed v should depend on the diffu-
sion tensor D and p [21]. This speed is given by the simple
relationship: v = 2v/pn’Dn. Such a property states that all
iso-density contours of u at large times under certain conditions
will move with a speed of v. Although this information is very
useful, it is not complete because the convergence of the ob-
served speed to v is slow, in O(1/t). Following the studies of
Ebert er al. we can include the effect of this slow convergence
and have a time varying estimate of the speed of the moving
frame v(t) = vn'Dn(2,/p — 3/(2t,/p)) [33]. As the speed
of the moving frame converges to v, the profile of u also con-
verges which implies that until convergence different iso-den-
sity contours will move at different speeds. The time varying
speed v(t) is the estimate for the origin of the moving frame set
at v = 0.5 iso-density contour, and different iso-density con-
tours have slightly different convergence properties. However,
the effect of the value of the iso-density contour on v(¢) is shown
to be O(1/t?) and therefore we ignore it [33].

The difference between the observed speed of the moving
frame, the asymptotic speed and time varying estimate is shown
in Fig. 2(a). In Fig. 2(b), we show the integrals of these speeds
starting from the same initial condition to demonstrate the effect
of the convergence on the location of the moving frame (which
corresponds to the tumor delineation in the context of our work).
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At this point we can readily formulate a preliminary traveling
time formulation for the tumor delineation using the definition
v(t) = 1/|VT| as

2 /pT
VNT'DVT = 4pr—p_3 )

T(z) =Ty VzeT 6)

where T'(x) is the function representing the time when the
tumor delineation passes through the point z, (6) represents
the Dirichlet type boundary condition stating the initial tumor
delineation we start evolving from I" and Ty, is the time elapsed
since the tumor has started diffusing until the acquisition of
the first image, see [31] for details. We observe that if we do
not consider the convergence effect and use the asymptotic
speed v then the 1" dependence of the right hand side in the
(5) is removed and we could easily replace Tj by any value we
like in (6). The value of Tj is not available in the images but
it can be regarded as another model parameter to be estimated
for.

The formulation given in (5) and (6) is valid in the infinite
cylinder where the evolution is in one direction (in this case
the traveling wave is a plane). We can apply this formulation
to more general cases (nonplanar cases) in 3-D by a local lin-
earization assuming that within a voxel the tumor front is planar
and the coefficients are constant [31]. Then by starting from
the initial tumor delineation and sweeping the domain outwards
we construct the solution where fronts at each voxel would be
patched together linearly. However, such a generalization does
not take into account the effect of curvature. In [35] Keener et
al. demonstrate a way to take into account the effect of curvature
(where they do not take into account the effect of convergence)
for slightly curved surfaces in the case of isotropic diffusion.
Following the same principles we can derive the general formu-
lation for anisotropic diffusion including the effect of conver-
gence (see Appendix A). This adds a new term in (5) and we
obtain

DVT
vVI'DVT

{ﬂ }\/VT’DVT:I @)
2,/pT

where the term V - (DVT /v VT'DVT) is the effect of the
curvature. In the derivation of this term, it is assumed that the
surface is slightly curved which requires the effect of curvature
to be of a lower order than the term 2,/p (see Appendix A). In
order to satisfy this, we use a saturation function on this effect
whose derivative is 1 near 0 and saturates at +15% of 2,/p.
Adding this to (7), we obtain the final traveling time formulation
which describes the evolution of the tumor front based on the
reaction-diffusion formalism:

4pT — 3 -

=2 . 1 — e~ lrersl/O3VRN \\ /YT DV T =1

{ 25T 03\/5( e ) \Y v .
DVT

Fepf =V 9
1 VT’ DNVT ®
T(x) =T, Yrel (10)

where we have chosen to use the exponential form for the satura-
tion function but any other choice would work as well. We chose
the value of saturation 15% by comparing the analytical solu-
tion of the reaction-diffusion equation with the traveling time
formulation given in (8) for the spherically symmetric growth
case [37]. This radial analysis showed that saturation values be-
tween 5%—-20% provided the best fit between these two formu-
lations with not much difference in this range. At this point we
also notice that the left-hand side of (8) can become negative,
especially for low values of T'. This is due to the fact that the
approximations for the time convergence and curvature effects
get worse for lower T values [33] and small tumor sizes [35]. In
order to overcome this approximation error, in our scheme we
do not let the left-hand side become less than

)C . Ke 0.3 P > .

(11)

which serves as the minimum threshold for the speed of the
tumor. As a result of this constraint, we are sure to have a
growing tumor delineation at all times, consistent with the gen-
eral reaction-diffusion formulation [12], [13], [18]. Equations
(8)—(10) combined with the constraint given by Inequality (11),
define the formulation describing the evolution of the tumor
delineation in 3-D, the traveling time formulation. This for-
mulation is based on the hypothesis that the tumor delineation
corresponds to an iso-density contour of the tumor cell density
u (the value is not specified) whose evolution is defined by the
reaction-diffusion model given in (1) and (2).

The traveling time formulation is a second order partial dif-
ferential equation (a static Hamilton-Jacobi equation) and nu-
merical solvers for such equations have been well studied in the
literature [38]-[42]. In this work, we have chosen to adapt the
method we proposed in [31] due to its fast computation time
and its generality on different geometries. This algorithm starts
from the initial delineation and sweeps the domain outwards to
compute the traveling time values. We provide the further de-
tails of this algorithm in Appendix B. We also note that other
methods can also be used to solve the traveling time formula-
tion numerically.

The Eikonal model explained above describes the evolution
of the tumor delineation visible in the images and captures
the same growth dynamics as the reaction-diffusion models.
In Fig. 3, we show an example evolution simulated using
the Eikonal approximation to show that it captures the same
growth dynamics as the reaction-diffusion model given in (1).
In the figure, for a synthetic tumor we compare the evolution
of the iso-density contour © = 0.4 (value consistent with the
one proposed in [15] as the imaging threshold) obtained using
the reaction-diffusion model (white contours), which uses the
tumor cell density throughout the brain, and the evolution
obtained using the traveling time formulation (black contours)
starting from the innermost white contour (initial location of
the u = 0.4 contour). The Euclidean distance between these
two evolutions can be given by the distance between their
corresponding contours. The average distance between the
black and the white contours for the case given in Fig. 3 is 0.78
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Fig. 3. Comparison between the reaction-diffusion model and the Eikonal Ap-
proximation: The temporal evolution of the iso-density contour is demonstrated
for a synthetic tumor. Contours are shown for days 400, 600, 800, 1000, and
1200 from the innermost to outermost, respectively. The synthetic tumor is vir-
tually grown using the reaction-diffusion model. White contours are obtained
by thresholding the tumor cell densities at « = 0.4 for the respective day
values (400-600-800-1000-1200). Then, in order to simulate the evolution of
the iso-density contour (assumed to correspond to tumor delineation in real im-
ages) starting from day=400, without the knowledge of the tumor cell density
distribution we use the traveling time formulation. Black curves are the contours
we obtain at days 600 (second innermost) to 1200 (outermost). The average Eu-
clidean distance between the black and the white contours is 0.78 £+ 0.69 mm.
We notice that the traveling time formulation is quite accurate in describing
the evolution of the tumor delineation in the case of synthetic tumors. The tu-
mors were grown in the images of a healthy subject for whom we also have
the DT-MRIs. Parameters: (d,, = 0.25 mm?/day, d, = 0.01 mm?/day,
p = 0.012 day—1).

4 0.69 mm. Considering the usual resolution of such images
(1x 1 x 2.6 mm?*) we see how similar these two evolutions are.
This similarity demonstrates that in the case of medical images
where we cannot directly apply the reaction-diffusion models,
the traveling time formulation given by (8)—(10) provides us an
alternative formulation based on the same dynamics and which
can be directly applied to images.

B. Parameter Estimation Problem

In the reaction-diffusion model given by (1)-(3), we have
three different parameters, d.,, dy and p. In addition to these,
in the previous section, by integrating the convergence charac-
teristics of traveling wave solutions into the traveling time for-
mulation, we added another parameter Ty. This gives us four
parameters to estimate for: (d.,, dy, p, Tp). In this work, we op-
timize these parameters such that the evolution we formulate
using the traveling time formulation best fits the real evolution
observed in the images, which are taken at different times for
the same patient.

In order to formulate the parameter estimation problem we
need to define an error measure. In a series of NV images taken
from the same patient at times tg,¢;...,tx—1, we have N
snapshots of the tumor delineation, one in every image. We do
not pose any constraints on the delineations as they could be
extracted using any algorithm automatic, semi-automatic or
simply by manual delineation. (We only use the end results of
this process therefore, we do not go into detail of the segmenta-
tion here but refer the interested reader to some recent articles
on the subject [43].) For a given parameter set, starting from
the first time image we can simulate the evolution of the tumor
delineation and compare it with the real evolution observed in
these N images. We note that the value of #( is not known and
regarding the time instances we only know the time differences
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between acquisitions Atg =
these we can define

0,Atq, ..., Aty. Combining

N-—1
C1(du, dg.p, To) = Y dist(T;,Ty) (12)
1

=
I

{24, d,,p.10) () = To + At }
with

T(x) =Ty Vz el (13)
where I'; is the surface enclosing the visible tumor in the image
taken at ¢; and T'; is the tumor delineation simulated by the trav-
eling time formulation at ¢; and dist() is the symmetric distance
between two surfaces normalized by the surface area. For two

given surfaces I'4 and I'g we define this distance as

1 2
I, Tp)=— - 14
o(I'a,T'g) ﬁFAvg;A”x y()|l (14)
y(r) = arg,ep,, min ||z — ylI® (15)
1
dist(T4,I'p) = 5 [o(Ta,I's) + o(I',T4)]  (16)

2

where ||z — y|| is the Euclidean distance between two points
in 3-D and fI" 4 represents the number of points in I" 4. In the
formulation given in (12), we notice that 7} is the estimate of
to. The estimation of ¢( places the time instances, for which we
only know the successive differences, on the convergence curve
(like the example given in Fig. 2).

One piece of information we have not used completely in
C1 is the size of the tumor delineation in the first image I'y.
In our experiments, we observed that in order to correctly map
the time instances on the convergence curve (finding the right
T, based on the convergence curve given in Fig. 2) we need
to include this size. The inquiry we make is whether it would
have been possible to obtain the delineation I'y at the time T
using the traveling time formulation if we had started simulating
the evolution the moment the tumor started diffusing, namely at
T = 0. The assumption we make here is that the tumor started
diffusing from a set of isolated small regions. These small re-
gions actually correspond to the avascular masses that start dif-
fusing and speed up with vascularization. In order to include
this in our error measure we run the traveling time formulation
backwards in time. The simulation starts from I'y and sweeps
the domain within the delineation. We do this by solving the
(8) within the visible tumor in the first image. This backward
evolution provides us a minimum value of T', T},,;,, and the cor-
responding starting point (or a set of points) x,i,. We notice
that if the parameter set d.,, dg, p, Ty is consistent with the size
of I'g then 1Ty, = 1. Therefore, the error we need is a func-
tion of |Tyin — To|. In order to have a measure consistent with
C1 we need to convert this time difference into a spatial dis-
tance. For this, we use the minimum allowable speed value (see
Section II-A) vy = 0.1\/ ol D(Zmin)Numayx at the point
Zmin, Where n,,, is the principal eigenvector of D(%yi,) pro-
viding the highest diffusion rate and the factor 0.1 comes from
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the minimum threshold for the speed of the tumor explained in
Section II-A. Using v,,i,, we obtain

C2(d1177 dg7 P, TO) = (vmin(Tmin)|Tmin - 1-'0|)2
C=Cy+Cs.

7)
(18)

Combining C and C'; we obtain the error criteria C we wish to
minimize with respect to the model parameters.

The minimization of C' is a multidimensional optimization
problem and it can be handled using different methods. One
important criterion affecting the choice of the minimization
algorithm is that explicit derivatives of C' with respect to
different parameters are not easily available. Another point is
that although the parameters have biologically relevant bounds
(such as dy,, dg, p, To > 0) these constraints are not restrictive.
Based on these observations, we have chosen to use the uncon-
strained minimization algorithm proposed by Powell in [44].
The attractive feature of this algorithm is that it does not require
derivatives of the objective function. Instead, this function’s
local quadratic approximations are used in the minimization.
The algorithm starts by computing several instances of the
objective function, constructs the quadratic approximation
using these instances and updates the approximation as the
minimization proceeds.

The computation time of the proposed parameter estimation
method depends on the size of the tumor and more specifically
on how much it has grown. The biggest computational load is
running the traveling time formulation several times within the
optimization algorithm. Depending on the size of the tumor each
run can take up to 2 min on a 2.4 GHz Intel Pentium machine
with 1 Gb of RAM. Consequently, the overall optimization takes
on the average 40—-60 min which is a short time range, consid-
ering the complexity of the problem. This efficiency is obtained
due to the advantage of modeling the evolution of the tumor de-
lineation rather than the cell densities.

III. RESULTS

In the evaluation phase of the parameter estimation method,
we test the capabilities of the method for retrieving the real pa-
rameters of the tumor growth. We first perform tests with syn-
thetic tumors for which the parameters are known and then we
apply the method to real cases and show preliminary results. For
the tests with synthetic tumors, we construct a dataset of 180
tumors using the reaction-diffusion model composed of 60 dif-
ferent parameter sets at three different locations in the brain. The
different parameter sets of the model were constructed using dif-
ferent combinations of d.,, dg4, and p values given in the table
(in the columns to the right of the parameter name), shown at

the bottom of the page, motivated by the typical values used in
the literature [3], [12], [13].As can be seen from the values for
each parameter the final parameter sets cover a large range of
growth speed and anisotropy. Each tumor was initialized in a
single voxel and grown in the MR image of a healthy subject
with a resolution of 1 x 1 x 2.6 mm. The diffusion tensor D
was constructed using the DT-MRI of the same subject. In order
to create the synthetic images of these tumors, we assumed a
simple imaging process where a voxel is visualized as tumoral if
the number of tumor cells exceeds 40% of the maximum tumor
cell capacity the brain parenchyma can handle [15]. For each
tumor, the detection and the first image acquisition is made at
the moment when the visible tumor size reaches a maximum di-
ameter of 1.5 cm.

A. Problem of Nonuniqueness

In the first set of experiments, we tried to estimate all the pa-
rameters of the reaction-diffusion model (d,,, d4, p) and the first
image acquisition time Tj (the time elapsed between the emer-
gence of the tumor and its detection) using the traveling time for-
mulation. In these experiments, we observed the nonuniqueness
of the solution to this problem caused by the coupling between
proliferation and diffusion rates and the sparsity of the infor-
mation contained in the images. The reaction-diffusion model
combined with the imaging process can result in very similar
evolutions of the tumor delineation with very different parame-
ters. In Fig. 4, we show the evolutions of two different tumors
(green and red) for which the diffusion and proliferation param-
eters are given in the accompanying table. The contours with the
same color are the delineations of the same tumor in different
images taken at successive time instances. The inner contour is
the delineation in the first image and the other contours as we
go outwards are from the images taken at 200, 300, and 400
days after the time of the first image acquisition, respectively.
We observe that although the parameters are different the evo-
lutions are almost the same. Quantitatively, the difference be-
tween these two evolutions measured by the error criterion C'
[see (18)] is 0.644 mm?2. On the other hand, the closest tumor
delineation evolutions we can get to these ones using the trav-
eling time formulation with the optimum parameters have errors
of C' = 1.28 mm? for the red and C' = 1.29 mm? for the green
tumor. This shows us that with the current resolution of med-
ical images we cannot distinguish between these two parameter
sets if we observe either of the evolutions. Therefore, we leave
aside the question of estimating separately the diffusion and the
proliferation rate.

One observation on the values of the parameters is that be-
tween the two cases in Fig. 4 the products 2+/pd,, and 2,/pd,,

dy[mm?/day] | 0.025 | 0.05 0.1 025 | 05
dy[mm?/day] | 0.005 | 001 | 0.025
p[1/day] 0.009 | 0.012 | 0.018 | 0.024
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Black | White

dy | 0273 | 0.153
dg | 0.024 | 0.014
p | 0.012 | 0.0185

Fig. 4. Evolution of two different synthetic tumors virtually grown using the
reaction-diffusion model with different parameters. The contours of the same
color are the tumor delineations for the same tumor in four different images
taken at four successive time instances (first image, 200, 300, and 400 days after
the first image). The reaction-diffusion model parameters for these tumors are
given in the table. We observe that although the diffusion and proliferation rates
of these tumors are different the evolutions are almost the same. The difference
between these evolutions measured using C' is 0.644 mm? which is lower than
the minimum error we find by estimating the parameters using the traveling time
formulation (C' = 1.28 for red and C' = 1.29 for green). This shows that we
cannot distinguish between these two parameter sets if we observe either of the
evolutions. We also observe that the products d.,p and d,p are very close for
the two tumors. This tells us that although distinguishing between d,,, d, and
p is not obvious estimating the product of these values can be possible.

remain almost the same, around 0.1 mm/day and 0.03 mm/day,
respectively. We have seen in Section II-A that the asymptotic
speed of the traveling wave solutions of reaction-diffusion
models is given by 2y/pn’ Dn. Therefore, the example shown
in the Fig. 4 suggests us that the similar volume evolution
of these two tumors can be captured and quantified by the
asymptotic speed of the model in the white and the grey matter
which are both given as functions of the model parameters.

B. Fixing p and the 3 Parameter Case

Since estimating all the parameters of the reaction-diffusion
equation yielded a nonunique solution (under the given con-
straints) we turn our attention to the case where we can fix a
parameter. The proliferation rate p is a microscopic parameter
and its coupling with the diffusion rate creates the non-unique-
ness of the solution. Here, we assume that the value of p can be
estimated using biopsy results and microscopic analysis. More
specifically, we rely on the works showing that the mitotic index
(MI) can be computed through the labeling index (LI) and can
be linked to the proliferation rate p by assuming an average cell
cycle duration for the patient [45], [46]. We continue our anal-
ysis under this assumption. In the first analysis, we assume that
we know the real value of p and fix it in the parameter estima-
tion, once it is fixed the problem becomes uniquely solvable. In
this case, we are left with three parameters to estimate (d,,, d;)
and Tj.

For each of the synthetic tumors previously described we
create a dataset of three images, the first image taken at the time
of detection and two other images taken at 200 and 400 days
after the detection. Using these images and the time difference
between acquisitions, we estimate the diffusion parameters and
To. We show and discuss the obtained estimates based on two
different analyses. The first one is the proximity of the estimated
parameters to the real ones and the sensitivity which tells us if
we are able to distinguish between two different tumors with

IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 29, NO. 1, JANUARY 2010

close parameters. The second analysis focuses on the shape of
the minimization surface around the estimated point. The pa-
rameter estimation method, as explained in the previous section,
minimizes the objective function C'. The shape of this function
around its minimum shows us the feasibility of the minimiza-
tion process.

1) Analyses of the Estimated Parameters: In Fig. 5(a), we
show the estimated diffusion parameters along with the real
ones. In order to demonstrate the results, we project the high
dimensional parameter space onto the 2-D (d.,, d, ). The larger
markers in the plot represent the real parameters used to grow
the synthetic tumors and the smaller ones represent the esti-
mated parameters retrieved from the images. Each small marker
with a specific shape and color is the estimate for the larger
marker with the same shape and color. Although there is only
one estimate for each parameter set d,,, dg, p there are multiple
small markers for each large marker due to projecting onto lower
dimensional space. In other words, different small markers of
the same shape and color are the estimated parameters of the
tumors with different p but same d,, and d,.

Analyzing Fig. 5, we observe that the parameter estimation
method is able to retrieve the value of d,, with good accuracy.
Moreover, the method is able to distinguish between different
tumors with close diffusion coefficients. The estimation of d, on
the other hand seems to be less accurate. We notice the consis-
tent positive bias in the estimate of d, which increases with in-
creasing d,,. We believe there are two reasons for this. The first
one is the difference between numerical schemes we use to solve
the reaction-diffusion PDE and the traveling time formulation.
The numerical scheme for the PDE [47] uses linear interpolation
of the diffusion tensors between voxels creating higher diffu-
sion within the grey matter neighboring white matter. The trav-
eling time formulation, which uses the diffusion tensors on the
voxels, accounts for this by increasing d, therefore estimating
a higher d,. As aresult as the value of d,, increases the bias on
dg increases. The second reason is computing the curvature ef-
fect term in (9) using the images, where the contour enclosing
the tumor delineation has sharp corners (due to discretization)
which causes high curvature. Since the high curvature slows
down the evolution, the traveling time formulation accounts for
this by increasing the diffusion coefficient. This second reason
is especially observed for the tumors where d,, is low. Even
in the presence of this bias we notice that for slowly diffusing
tumors the d, estimates are very close to the real values and
the method is able to distinguish between different tumors with
close diffusion coefficients. For highly diffusing tumors the d,,
estimates are rather unreliable however the order of the ratio be-
tween d,, and d,, is well captured. Regarding the estimation of
Ty, in Fig. 5(b), we plot the estimated value of T{ in the y-axis
versus its real value in the x-axis where the y = z line is also
drawn. Observing this plot we notice that the estimates for 7§
remains within the 10%—-15% margin of the real value, which
shows that the proposed method is able to retrieve Tp.

2) Analyses of the Minimization Surface: Regarding the
shape of the minimization surface on the global scale, in our
experiments we observed that this surface remains convex for
all the tumors. However, the exact shape of the surface and its
slope in different directions around the minimum point varied.
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Fig. 5. Results of the parameter estimation from time series of images for the
synthetic tumor experiments. The synthetic tumors are grown with the reaction-
diffusion model with known parameters and synthetic images were created from
these tumors. The parameter estimation method was applied to these images
to retrieve the parameters of the model. The plot (a) shows the real diffusion
rates d,, and d (the large markers) and the estimated diffusion rates (the small
markers). Small markers of a specific shape and color are the estimates of the
larger marker with the same shape and the same color. (b) Plots the estimated
initial time estimate T} (the time elapsed between the emergence of the tumor
and the detection) versus its real value. y = x line is also drawn for better
comparison.

We know that the estimated parameters provide us the best fit
to the evolution of the tumor delineation observed in a set of
images, let us say with an error of C*. The question we want
to answer is how much this evolution varies from the optimum
when we slightly move away from the “best” parameter set. In
order to answer this question, for an estimated parameter set
(dy,, dy,Ty) that gives the minimum error of C* we find the
other parameter sets which give an error smaller than C* + e.
In other words, parameter sets which provides an evolution
of the tumor delineation which is € away from the best fit in
the average. In our high dimensional parameter space these
parameter sets are enclosed in an ellipsoid around the estimated
point which we name e-ellipsoid (see Appendix C for details
on how we construct the e-ellipsoids). In Fig. 6(a) and (b),
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Fig. 6. Figures plot the projections of some of the ¢-ellipsoids on the respective
parameter spaces. The round dots are the real parameters of the reaction-diffu-
sion model, the crosses are the estimated parameters and ellipses are the projec-
tions of the e-ellipsoids for each cross. For a given cross, the cross represents
the minimum of the respective minimization surface with an error of C'* and all
the points inside the ellipse surrounding that cross are the parameters who has
error less than C* 4 0.2 mm?2. In other words, ellipses enclose all the param-
eters producing very similar evolutions of the tumor delineation as the cross in
the center.

we show the projections of some of these e-ellipsoids on the
respective parameter spaces where the round dots are the actual
parameters, the crosses are the estimated parameters and el-
lipses around each cross are the projections of the e-ellipsoids.
In this study, we have chosen to set ¢ = 0.2 mm?2.

Observing Fig. 6(a), we notice that the major axis of the el-
lipses remain parallel to d, axis however, this is due to the dif-
ference of scale between d,, axis and the d; axis. When placed on
the same scale these ellipses are rather circular. The second thing
we notice is that the ellipses grow with increasing d,,. This is a
consequence of using normalized distances between surfaces in
our error measure, see (12). As d,, increases the tumor diffuses
faster in the white matter and its size increases. As a result the
boundaries of the visible tumor reaches the extent of the white
matter and most of the surface enclosing the tumor delineation in
the image remains in the grey matter (as grey matter diffusion is
much lower the tumor stops in the white-grey matter boundary)
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Fig. 7. Inthe figures we plot v (., gy = 21/d (., 4)p values estimated by fixing p = 0.015 versus p = 0.012. We also plot the y = « line for a better comparison.
We know that the estimated d,, and d, values depend on where we fix the p. However, observing these figures we note that no matter what value we fix p to, the
product of p and the estimated diffusion coefficient d(.,, ) remains constant. Therefore the asymptotic speed of growth of the tumor in the white matter and in the

grey matter can be estimated uniquely regardless of the choice of p.

or reaches the boundaries of the brain. Therefore, changing d,,
does not affect these portions of the surface and its contribution to
the error measure decreases resulting in the larger ellipses we ob-
serve. This shows us that for more diffusive tumors a larger set of
parameters yields similar errors therefore minimization surface
is flatter. In Fig. 6(b), we observe the coupling between d,, and
T). One can obtain a similar evolution by increasing d,, and de-
creasing Tj (and vice-versa). The reason for this can be explained
by the effect of convergence given in (5); see Fig. 2. We see that
when Tj is lower the speed of the tumor delineation is slower but
if we increase the value of the diffusion we would obtain a similar
evolution. The shape of the convergence curve in Fig. 2 allows us
to distinguish between these different cases and therefore find a
minimum. In (5) we also notice that if T} is very high then a small
change in T does not affect the speed of the tumor delineation
and this is the reason why we observe ellipsoids with major-axis
parallel to the Tj axis at high T values. One can think of the ex-
treme case where Ty is very large and the effect of convergence
becomes negligible. In this case, we would expect its value not
to change anything however, including the size of the tumor in
the first image using the error term Cs [(17)] helps us distin-
guish between very high T values.

One important conclusion we can reach from the sensitivity
analysis presented in this section is the dependence of the es-
timated parameters on the uncertainty on the extracted tumor
delineations. The tumor delineation either done by the expert
manually or done using a segmentation algorithm has a vari-
ability. Kaus et al. in [48] studied this variation for manual de-
lineations and found out that in the case of low-grade gliomas
the intraexpert variability is around 2% and the interexpert vari-
ability is around 10% by volume comparison (they compared
the volume of the tumor delineated by different experts and by
the same expert multiple times). These variability values were
greater than the automatic algorithms [48]. The ¢ = 0.2 mm?
value we used in this section corresponds to the inter-expert
variation for manual delineation, 10% of volume variation for a
tumor of 2.0 cm in diameter; see Appendix D for details. In other
words, the e-ellipsoids drawn in Fig. 6(a) and (b) also demon-
strates the influence of the inter-expert variability in the tumor
delineations on the estimated parameters.

C. Varying the Fixed p and Speed of Growth

In all the above experiments, we have fixed the value of p
to its real value. Naturally, the diffusion rate estimates depend
on this value of p. By fixing p we actually determine the lo-
cation of the d,, and d, estimates. In order to understand the
effect of the value of p on the estimation of diffusion rates and
the coupling between p and D, we have performed a slightly
different experiment. Instead of fixing p to its real value we
have set it to a different value and then estimated the other
parameters d,,, d, and Tp. For the ease of demonstration we
only show the estimation results for the synthetic tumors with
p = 0.012/day. The experiment we performed is the same as
the one explained in the previous section however, this time in
the estimation method we set p = 0.015/day. As expected the
estimated diffusion rates are lower than the values estimated by
setting p = 0.012/day. The interesting point however, was not
the change in the values but the coupling between D and p.
In Fig. 7(a) we plot v,, = 2v/d,,p computed with p = 0.015
and the d,, value estimated by fixing p to this value versus v
computed using p = 0.012 and the d,, estimated with this p.
Fig. 7(b) is the same plot for d, values. We observe from these
graphs that the estimated diffusion rates change when we change
the fixed p however, the product of the proliferation and the dif-
fusion rates remain constant. The value vy, g = 2/d(w ¢)p 18
the asymptotic speed of tumor growth and the proposed method
is able to retrieve this speed uniquely from time series of images
for all the 180 synthetic cases used in this analysis.

Here, we would like to draw the attention to one important
conclusion that can be reached with the observations and the
experiments presented so far. In Fig. 4 and in the accompanying
table we have demonstrated that two tumors showing very
similar volume changes in time had very similar asymptotic
speeds in the white and in the grey matter (2./pd., 4). In this
section, we have shown that using the parameter estimation
method we can uniquely identify this product for all the tumors
presented in this study. These two suggests that the evolution
of the tumor delineation—for the synthetic tumors grown by
reaction-diffusion models—can be uniquely matched by the
proposed parameter estimation method and reproduced by the
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Real | Estimated Estimated
Rates | p =1|p =
0.012/day 0.015/day
dy [mm?2/day] | 025 | 0.27 0.19
dy [mm?/day] | 0.010 | 0.024 0.014

Fig. 8. Proposed parameter estimation methodology can uniquely estimate the
asymptotic speeds of the tumor in the white and in the grey matter as a func-
tion of the parameters of the model. Figures show prediction experiments on
synthetic tumors showing that combined with the traveling time formulation the
estimated parameters capture the growth of the tumor regardless of the value the
p is fixed to. (a) Evolution of the synthetic tumor shown in 3 white contours rep-
resenting the delineation at the time of detection, 200 days and 400 days after the
detection. (b) Optimum evolutions obtained by estimating the diffusion rates by
setting p = 0.012/day in white and p = 0.015/day in black. The estimated
parameters are given in the table. (c) Starting from the final image used in esti-
mation [outermost white contour in (a)], further evolution is predicted using the
parameters estimated when p was set to 0.012. The predicted evolution shown
in black while the actual evolution shown in white. (d) Same image is shown for
the prediction obtained using the parameters estimated when p was set to 0.015.
Prediction shown in black contours. Observe that regardless of the fixed p value
the traveling time formulation and the estimated parameters capture the growth
of the tumor and able to simulate its evolution.

traveling time formulation. In Fig. 8, we demonstrate this for
a synthetic tumor. We first estimate the diffusion rates of the
synthetic tumor whose evolution is shown in Fig. 8(a). The
estimation process is done once by setting p = 0.012/day and
another time by setting p = 0.015/day. We have used three
images in the estimation each 200 days apart. The resulting
diffusion parameters are given in the table accompanying the
images and the resulting optimum evolutions are shown in
Fig. 8(b) in red and green contours, respectively. Following
this, we start from the last image of the tumor used in the
estimation and predict the further evolution of the tumor using
the estimated parameters and the traveling time formulation.
We do this once using the parameters estimated by setting
p = 0.012 and once for those estimated by setting p = 0.015.
We compare the prediction results with the actual evolution
of the synthetic tumor in Fig. 8(c) and (d), respectively. We
observe that the predictions obtained by using different p values
are almost identical and they show very high resemblance with
the actual evolution of the tumor.

After analyzing the presented methodology with synthetic
cases we apply the method to a few real cases in the next section.

D. Case Studies With Patient Data

The evaluation of parameter estimation for tumor growth
models using real patient images is not easy because we do not
have access to the real values of the parameters. The real values
could be found using microscopic in vivo analysis however,
up to the best of our knowledge such a study has not been
performed yet. In this work, we perform an indirect evaluation
for the proposed parameter estimation method using patient
images. For a given patient dataset, we estimate the parameters
using all but the image taken at the last time point. Then using
the estimated parameters we simulate the evolution of the
tumor delineation starting from the image taken just before the
last one for the same number of days as the time difference
between the last image and the one before it. We then compare
the evolution predicted using the estimated parameters and the
traveling time formulation with the one observed in the last
image. The correlation between the prediction and the observed
delineation provides us with a qualitative evaluation of the
estimated parameters. The strong assumption we do here is
that the values of the parameters remain constant between the
images. Considering therapy and other effects on the tumor
this assumption is not very realistic. However, we consider
the estimated parameters as the average parameters over time
including all the effects and carry on with the analysis.

As a preliminary step in this work we use two patient
datasets which include anatomical and diffusion tensor MR
images. The dataset for the first patient, who suffers from
a high grade glioma (Anaplastic Astrocytoma—Grade III),
includes T1-post gadolinium MR images (with the resolution
of 0.5 x 0.5 x 6.5 mm?) at three successive different time
points and diffusion tensor MR image (with the resolution of
2.5 x 2.5 x 2.5 mm?) taken at the second time point. The
second patient suffers from a low grade glioma (Grade II
astrocytoma) and the dataset for this patient includes T2 flair
MR images (with the resolution of 0.5 x 0.5 x 6.5 mm?) at
five successive time points and the DT-MRI image (with the
resolution of 2.5 x 2.5 x 2.5 mm?) taken at the first time point.
For both cases the tumor boundaries were manually delineated
by an expert in each image separately. We note that although
manual delineations were used, in terms of the method and the
analysis any segmentation algorithm can replace the manual
delineation. As explained in the previous paragraph, we esti-
mate the parameters of the tumor growth model using all the
images but the last one. The DT-MRI images of the patients are
used to construct the diffusion tensor D of the tumor growth
model. In constructing the diffusion tensor D for tumor cells
we adapt the proposed models in [12] and [13]. As our focus
in this article is the parameter estimation method we do not
introduce a new diffusion tensor construction and we use the
existing ones. Clatz et al. have proposed the tensor construction
as given in (3) for the high grade gliomas, following this we
use this type of construction for our high grade case. On the
other hand, Jbabdi er al. proposed to use another construction
for the low grade gliomas given as

dy1
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Fig. 9. Parameter estimation method is applied to the images of a real patient
suffering from high grade glioma. Images in columns (a) and (b) shows different
slices of the T1-post gadolinium images which are used to estimate the param-
eters of the growth model given in the table. In (b) we also show the manual
delineation of the tumor (in white) used in parameter estimation along with the
optimum simulation obtained by the estimated parameters (in black) (only white
contour is shown in (a) since it is the same as the black one). (c) The final image
showing the final state of the tumor and the evolution of the delineation pre-
dicted by the estimated parameters as the black contour. (a) First image; (b)
second image 21 days after the first; and (c) final image 67 days after the first.

where V (x) is the eigenvector matrix obtained by decomposing
the water diffusion tensor Dyater, €1(X) is the principal eigen-
value of the same tensor and « here is a normalization factor
such that highest e; value in the brain becomes 1. The differ-
ence between this construction and the one given in (3) is that
in this one tumor cells are assumed to diffuse much faster along
the fiber and they diffuse very slowly in the transverse direction.
In the construction the diffusion rate in the grey matter is used
also for this transverse diffusion rate. As a result of such a con-
struction the evolution obtained is much more anisotropic and
creates more “spiky”” tumors. Following the model assumptions
made by the authors in [13] we use this type of construction for
the low grade case. The images used to estimate parameters, the
estimated parameters and the predicted evolution of the tumor
delineations along with the real delineations are given in Figs. 9
and 10. In the images in both figures, first we show the anatom-
ical images at the time of detection and the intermediate images
used in the parameter estimation. On the intermediate images
we also plot the manual delineations for the underlying image
(white contour) and the simulated evolution of the tumor delin-
eation with the estimated parameters (dark contour) obtained in
the course of estimation. Following this we start from the last
image (in time) used in the parameter estimation and predict the
evolution of the tumor delineation until the acquisition of the
final image (which was not used in the estimation). In the cor-
responding images, we show the anatomical MR image taken
at the last time point showing the final state of the tumor along
the tumor delineation predicted using the estimated parameters
drawn as the dark contour. In the accompanying tables we pro-
vide the values of the estimated parameters.
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Fig. 10. As a second case, we applied our methodology to the images of a pa-
tient suffering from a low grade tumor. Images (a)—(c) show different slices of
the T2 flair images and the manual delineations (in white) which are used to
estimate the parameters of the growth model given in the table. Also in these
images we show the simulated evolution of the tumor delineation obtained by
the estimated parameters in black contours. The simulated evolution starts from
the white contour in the Image (a). Images (d) are the slices of the final image
showing the final state of the tumor and the delineation predicted by the esti-
mated parameters as the black contour. (a) First image; (b) third image 39 days
after the first; (c) fourth image 210 days after the first; and (d) final image 390
days after the first.

In the images of the first patient in Fig. 9(a)—(c), the tumor
showed evolution in two different regions. In the first region
seen on the upper left corner of the images the tumor has a much
larger volume, contains a necrotic core and exerts a visible mass
effect. The second region on the other hand is a newly emerging
lesion with no observable mass effect. This part is believed to
be a diffused branch of the larger region however, no connection
was visible in the images most probably due to slice spacing. We
apply our analysis to the newly emerging part because it does
not exert a mass effect and it is ideal for our analysis. Following
the discussions given in Section III-A we fix the value of p to be
able to estimate the diffusion parameters. The proliferation rate
was set at p = 0.05/day around the suggested value in the liter-
ature [3]. We observe in the image (c) that the prediction of the
tumor delineation is in very good agreement with the final state
of the tumor. This shows us that although we can provide the
speed of growth only, the parameters combined with the growth
model are in good agreement with the evolution of the tumor.
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Moreover, for the high grade tumor we estimated the speed of
growth along the white matter as v,, = 0.31 mm/day and in the
grey matter as v, = 0.02 mm/day which are in good agreement
with the literature [3], [12], [13].

In the case of the low grade tumor shown in Fig. 10, the cor-
relation between the predicted tumor delineation and the final
state of the tumor is in line with our previous arguments. We
observe that the slow evolution of the tumor is well captured by
the estimated parameters. For the proliferation rate we pick a
lower value than the one in the previous case since it is a lower
grade tumor. It was set to p = 0.008/day. Through the es-
timated diffusion rates we find the speed of growth along the
white matter as v,, = 0.08 mm/day and in the grey matter as
vg = 0.004 mm/day.

Comparing the speed values estimated for the high grade and
the low grade glioma we observe the expected difference. How-
ever, we would like to note that this difference is affected by
the difference in the tensor construction method. In our exper-
iments we have observed that when the diffusion rates for the
same patient are estimated using the tensor construction given
in (19), the resulting values are higher. This is consistent with
the fact that the tensors constructed with this method have lower
diffusion in the transversal direction of the fibers. As a result a
higher diffusion rate is needed to explain the same amount of
growth. If we would like to compare the speed values for these
two tumors we should keep this effect in mind. Therefore, the
difference between speed of growth of these tumors are higher
than the difference given between the above mentioned values.

IV. CONCLUSION

In this work, we proposed and analyzed a parameter estima-
tion method for the reaction-diffusion tumor growth models in
the context of brain gliomas. The proposed methodology uses
the evolution of the tumor, visible in the series of patient im-
ages, for estimating the parameters of the growth model. Using
the patient images, the real 3-D geometry of the brain and the
tumor, tissue inhomogeneities and different diffusion properties
are taken into account by the method. Moreover, unlike the pre-
vious methods that use the tumor cell density distribution, which
is not available in the images, the proposed method formulates
the evolution of the tumor delineation based on the reaction-dif-
fusion dynamics. Such a formulation provides us a consistent
framework in which the observables are the same as the model
outputs and this removes the need of assuming a tumor cell den-
sity distribution in the images. To the best of our knowledge, this
article constitutes the first work focusing on the automatic pa-
rameter estimation problem for reaction-diffusion tumor growth
models using series of medical images and the real geometry of
the patient.

In order to understand the theoretical properties of the
underlying parameter estimation problem and the proposed
method we performed thorough analysis using synthetic tu-
mors for which the growth model parameters are known. The
reaction-diffusion model that we have focused on has three
different parameters: the diffusion rate in the grey matter d,
the diffusion rate in the white matter d,,, and the proliferation
rate of tumor cells p. In our analysis, we have shown that these

parameters are coupled and therefore there is not a unique solu-
tion constrained by the observations made on medical images.
However, we have also shown that once the proliferation rate p
is fixed, then we were able to uniquely estimate the diffusion
rates in the grey matter d, and in the white matter d,, for all
the 180 synthetic tumors presented in this work. Moreover,
in this case we could also estimate the time elapsed between
the emergence of the tumor and its detection, 7y. In fixing p
we assumed that its value can be found through microscopic
analysis of biopsy results [45], [46]. We have also shown that
the value of p determines the estimates of the other parameters.
Investigating the coupling between diffusion and the prolif-
eration rate we have shown that no matter what p value we
fix, the product of the estimated diffusion rates with p remains
constant for the same tumor. This product represents the speed
of growth of the tumor in terms of the model parameters. We
have shown that for each tumor used in this work we were able
to uniquely estimate this product in the white matter and in the
grey matter separately. Moreover, we have also shown that the
estimated diffusion rates and the fixed proliferation rate were
able to capture the growth dynamics of the tumor and simu-
late its evolution regardless of the value p was fixed to. This
demonstrated that the proposed methodology is successful in
creating the “patient-specific” model and perform personalized
simulations.

We also applied our method to two real cases, one high grade
glioma and one low grade. In the light of the synthetic analysis,
we have set the proliferation rates p for these tumors to average
values and estimated the diffusion rates. Using the estimated
parameters and the traveling time formulation we have shown
promising preliminary results in personalizing reaction-diffu-
sion models. The prediction studies provided us an indirect val-
idation for the estimated parameters and the formulation. More-
over, these results demonstrated that although the complete pa-
rameter estimation problem has a non-unique solution, by fixing
p and estimating the diffusion rates we are able to personalize
the growth model and use it to simulate the tumor growth and
predict the further evolution. Therefore, the proposed method-
ology showed itself to be a successful attempt for adapting the
tumor growth models to patient images and creating “patient-
specific” models. The strongest assumption we made during the
analysis of the real cases was that the parameters of the growth
model do not change in time and they do not vary in space.
This may not be realistic for the exact values of the parame-
ters considering the existence of different types of therapies and
the random nature of the tumor progression, which exists both
in time and in space. However, we have regarded the estimated
parameters as the average values over time and space including
all the different effects, which is a clinically logical step [49].
On the other hand, independent parameter estimation and anal-
ysis could be done between each set of two successive images
as well. Such an analysis combined with the time course of the
therapy could give us hints on the effect of the therapy on dif-
ferent parameters and on the growth speed of the tumor.

The method proposed in this article is a first attempt to
solve the parameter estimation problem and there are different
improvements that should be integrated in the future studies.
As a first step, we ignored the mass effect of the tumor. In most
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glioma cases the mass effect is apparent, smaller in the low
grade gliomas and larger for the higher grades. For a complete
modeling, the mass effect should be taken into account in the
parameter estimation methodology. The second point is the
effect of the tumor growth on the fiber structure. The white
matter is disturbed due to the tumor invasion and this should
be included to have a more complete methodology [2]. The
third point for further improvement is the therapy response
and the shrinkage of the tumor. In this work we focused on
the reaction-diffusion growth models which only formulate the
growth of the tumor. Therefore, the shrinkage due to therapy or
any other process is not taken into account in our methodology.
Fortunately, the proposed traveling time formulation and the
parameter estimation methodology can be used in the case of
shrinkage after certain modifications (embedding the Eikonal
formulation in a level-set framework). However, the parameter
estimation problem should be redefined to decouple the therapy
response and natural growth of the tumor. In further studies,
the effect of the therapy and the possible shrinkage of the
tumor should be taken into account. One other point that can
be included in the methodology is the multiphase modeling.
Multiphase models describe and formulate the interactions be-
tween different phases such as different tumor populations and
tumor-brain interface. We can think of generalizing the pro-
posed method to include multiphases through coupling several
Eikonal models. Such an approach would enable us to easily
explain multifoci gliomas and also model the response of the
brain tissue to tumor growth. As a last point for improvement,
we aimed not to use any assumptions on the tumor cell density
in our method however, as more information becomes available
on the cell density distribution, it can also be integrated into the
proposed methodology.

In this work, our aim was to propose the parameter estima-
tion method and analyze it theoretically. We also applied the
method to a few real cases demonstrating the applicability of
the method and showed promising results. Eventually a more
thorough analysis of the estimated parameters and the estima-
tion methodology should be performed using a big dataset of
patient images. Such a study will let us better understand the
clinical significance of the estimated parameters and the con-
structed patient-specific models. In the follow-up of this work
we plan to focus on this direction. There are several problems
that should be overcome for this purpose. The first problem is
the lack of diffusion tensor imaging for the patients. As we have
seen the DTI is very important in the modeling and in the es-
timation of the parameters therefore, it is crucial to have this
information. The advances in the registration methods can be
helpful to solve this problem as they would give us the opportu-
nity to create and register DT-MRI atlases on the patient images.
The second problem is regarding the surgery applied in glioma
cases. The surgery changes the structure of the brain as well as
the properties of the tumor. In order to overcome this problem,
we need to adjust the traveling time formulation such that it can
describe the evolution of the tumor delineation between pre-op
and post-op images.

The method proposed in this article adapts the reaction-dif-
fusion model to specific patient images. There are two clini-
cally relevant outputs of this adaptation: the estimated param-
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eters and the “patient-specific” growth model. The estimated
parameters, specifically the speed of growth and the measure
of differential motility, can serve as quantification measures for
tumor growth and help the diagnosis process. Through popu-
lation studies and group analysis, correspondence between dif-
ferent parameter ranges and different WHO grades of gliomas
can be found [49]. This analysis may provide us with infor-
mation about variation within tumor grades and could allow
to identify the transition from low grade glioma—which is not
treated but only monitored—to a high grade tumor—requiring
immediate treatment—more accurately. A quantitative analysis
of the tumor evolution during therapy, i.e., an accurate, localized
estimation of tumor growth or shrinkage, may allow to estimate
the efficacy of a chosen treatment option much quicker than
with current qualitative approaches. Determining the changes in
growth parameters due to the treatment may finally provide the
means to understand the tumor response to therapy—specific for
the individual patient [50]. The patient-specific tumor growth
model, in other words the generic model with the patient-spe-
cific parameters, gives us the opportunity to simulate the specific
evolution of a patients tumor. The expected anisotropic growth
suggested by the patient-specific model may guide biopsies or at
least more targeted imaging methods (such as MRSI) for more
accurate estimations of the tumor extensions. Eventually, as the
generic models become more realistic patient-specific models
can be used to better plan the therapy process [51] and predict
possible outcomes.

APPENDIX A
DERIVATION OF THE EFFECT OF THE CURVATURE FOR
ANISOTROPIC DIFFUSION TENSORS

This derivation follows the derivation given in [35] and mod-
ifies it for the anisotropic tensor case. The reaction-diffusion
model has the general form

uy = V- (DVu) + pu(l — u). (20)
We apply a coordinate change by parameterizing the moving
frame of the u function as

x=X(, 1), t=T1 2n

We assume that this parameterization is a diffeomorphism. By
chain rule the partial derivatives using the new coordinates can
be written as

o 9X; 9
= — 22

o8 0 Oz (22)

o 9  9X; 9

or ~ot T or o, 23)

where the indices are summed (this is the case throughout this
appendix). Likewise, the partial derivatives with respect to the
Euclidean coordinates can be written in terms of the new coor-
dinate system

7] 0
Fr T @9
X
o 0 oX; 0 @5)

ot —or o o0&,
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represents are the partial derivatives in terms of the new coordi-
nate system. «;; is the 4 5" component of the inverse of the Jaco-
bian matrix with respect to the parameterization X . We identify
&, as the normal direction to the iso-surfaces of w at every point.
We also define the tangent and the normal vectors of the param-
eterization as

0X;

P = 26
Y= 5 (26)
n; =r; Xrg, _j/k‘ 75 7. 27

Using this we can define the [« matrix using these vectors

rjnj

Q5 = (28)
For the ease of derivation, through the choice of the parameter-
ization we letry - ro = O and ry - r3 = 0 (rq||ny) and set ry
as the normal vector to the iso-surface of the w function. The
derivative terms in the reaction-diffusion equation become

ou 0X; Ou
"o T Yo 08, @)
0*u 7] Ju
D — )
V - (DVu) = appvijdpi ——— 96,06, —|— <dkba”)0£j (30)
Then the whole equation can be written as
0%u 7] Ju
Qep Qi i 7 + 75— (dpiti) 77—
PRITR ge, 08 T Oy 110¢;
Ju 0X; Ou
P 1-— =
<07- Ak~ 96 >+pu( u)=0. (31)

At this moment, we use the two big assumptions made in [35].
The first of these assumptions say that the spatial variation of &;
is much smaller than the &5 and &3. This actually says that the
normal to the front changes faster than the tangent space of the
parameterization. Therefore, the effect of curvature is in a lower
order than the speed of the moving frame. Remembering that the
[a] is the inverse Jacobian matrix of the parameterization X this
assumption lets us say that a;7 = O(1) while cj, = O(e). The
second big assumption is that to the leading order in €, u is in-
dependent of 7. In the planar evolution, this assumption readily
holds since the solution of the reaction-diffusion equation is a
traveling wave therefore, does not depend on time. However, for
the curved evolution this does not have hold. This assumption
on the dependence on 7 lets us treat the curved evolution as if it
admits a traveling wave. Using the singular perturbation method
we can gather the first order terms and (31) reduces to

d .82_“+i(d,.)a“ 9X; Ou
Op10E10G1 05% e ki 01 85 41— ar 351
pu(l —u) = O(e). (32)

Gathering the terms and recognizing the matrix multiplications
this equation can be rewritten in the compact form

2

d%*u
aDaa—£2+<V-(Da)~l—a

0X\ Ou
—) %, +pu(l —u) =

(33)

O(e).

Now in order to have a traveling wave solution this ODE should
have the same form as the one in (4). This means that we need
the coefficients of this equation to be constants. However, this
will not be possible for every iso-contour of the function w. The
curvature will have different effects for different iso-surfaces.
Hence, we require it only for the origin of the moving frame
(u = 0.5 iso-contour in the case of logistic growth). Using this
information and the restriction we obtain

o'Da=p (34)

V(Do) +a- == =2p. (35)

ot
At this point we remember that «||n; which is normal to the
iso-surface of u. We define a level set function S such that the
zero-level set of S will correspond to the origin of our moving
frame therefore, VS/|VS| = n. We can then write o as o =
—KVS where K is just a coefficient to be determined. From
(34) we find K as

P
K=,———m——.
VS'DVS (36)
On the other hand, the (35) gives us
-V - (DKVS) - KVS - X; = pco. 37

In order to replace X; we need one more relation which comes
from the fact that the value of function S on the origin of the
moving frame does not change by construction. Therefore

7]
as(x f) |0n the moving frame origin — 0 (38)
VS- X+ S¢=0. (39)
Placing this in (37) we obtain
V.- (DKVS)+ KS;, =pcy  (40)

p p
v (DVS ' \/vsmvs)ﬂ/vsmvsst = peo- (41)

Now transforming the dynamic Hamilton-Jacobi equation given
above into a static one by inverting the embedding method ex-
plained in [38] we obtain the anisotropic Eikonal equation with
the curvature term

p p
v <(DVT)\/VT’DVT) + \/VT’DVT

Relocating terms and letting ¢y = 2 we get our formulation

= pcy. (42)

{2‘[ -V <\/VI;IVDTVT

This equation uses the asymptotic speed v given in Section II-A.
We can also replace v by v(t) and obtain the whole equation

)} VvVT'DVT = 1. (43)

4pT — 3 DVT }
0 g2 L NTDVT =1, (44
{ 2 /T ST DVT )
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APPENDIX B
NUMERICAL METHOD FOR THE ANISOTROPIC EIKONAL
EQUATION WITH CURVATURE EFFECT

The static Hamilton Jacobi equation given in (5) is a first order

equation and has the form of an anisotropic Eikonal equation

F(z)VVT'DVT =1 (45)
where the additional F'(z) is a spatially varying speed func-
tion. In [31], we have proposed a numerical method to solve
this kind of equation. The proposed method is based on the
Fast Marching methods [52] and modifies it in order to take
into account the anisotropy in the equation. The original Fast
Marching method numerically solves the isotropic Eikonal
equation (F(z)|VT| = 1) by following the gradient direction
of T as it constructs the solution. This, when applied to the
(45), creates erroneous solutions because the characteristic
direction should be followed when constructing the solution of
this anisotropic equation [41].

The numerical method proposed in [31] integrates a recur-
sive correction scheme inside the original fast marching algo-
rithm. This correction scheme makes sure that as we solve the
(5) we follow the characteristic directions of the PDE [53]. The
overall method starts from a given initial contour and sweeps
the domain outwards finding the solution of the (45) at each
voxel. This equation has two different solutions at each voxel
and in the case of (5) we choose the value such that as we move
away from the delineation the T value increases (since the tumor
delineation will pass from those points at a later time in the
case where the tumor grows). The advantages of this numerical
method are that it is a sweeping method and it only uses the im-
mediate neighbors of a point rather than using points far away
[41] to compute the values. Therefore, it is a fast and accurate
method for solving anisotropic Eikonal equations. For the de-
tails of the algorithm please refer to [31]. Here, regardless of the
details of the algorithm, we continue our discussion based on the
fact that we have a sweeping algorithm which solves anisotropic
Eikonal equations in a fast manner.

Using the sweeping method for solving (7) and (8) is not very
obvious because it is not a first order equation due to the diver-
gence term. These equations can be solved with other iterative
methods [38], [40] however, these methods are not very fast. In
order to benefit from the advantages of the sweeping method ex-
plained above, we separate the curvature part from the equation
and construct an iterative method that solves anisotropic Eikonal
equations at each iterations with different speed terms. The form
we use for (7) (it is the same construction for (8)) becomes

4pT — 3 7 _
{ 2 /T }\/VTDVT—I (46)

DvVT
VvVT'DVT

{ﬂ + Fcurv} VVT'DVT =1. (47)
2./pT

Viewing the convergence term as a speed term independent of
T as F.y, enables us to use the sweeping method and construct
the simple iterative method

FCOIII‘V = 0 (48)
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Fig. 11. Curve of convergence for the iterative scheme given by Equations
(48)—(52). We visualize the difference 3 C™ — FI .| as a function the

iteration number n. The curve is obtained for the example shown in Fig. 3.

4pT""1 -3 1

_ + VT'm=1pDVTr=1 =1 (49
{ 21 e }J @)
ComputeT™ ! (50)

DVT"1
Cn—l — _\. (51)
\/VT/n—lDVTn—l

Flue = Fow +a (O™ = FIY) (52)

where a"~1 < 1 is the parameter determining the rate of con-
vergence which in our case is taken as o = 0.8. In (52) we see
that the F7", .. is updated with a proportional gain using the error

made in the previous iteration. In this respect this scheme is sim-
ilar to the feedback control loops. We iterate this algorithm until

Z |Cn - Fﬁll‘\’| < €

€N

(53)

where we sum represents the summation over all points in the
domain of computation and € is a small value. Once this cri-
teria is satisfied we know that Fl,,. is indeed the effect of the
curvature. The rate of convergence depends on « however, in
our experiments we have observed that for a large range of
a € (0.2,0.8) the rate is pretty rapid see Fig. 11.

APPENDIX C
CONSTRUCTION OF ¢-ELLIPSOIDS

The parameter estimation problem in this work is formulated
as the optimization problem with the objective function C'. For
a given set of images the method tries to find the parameters
of the tumor growth model which would minimize the value
of the function C. e-ellipsoids is a simple way to understand
the shape and the steepness of the minimization surface around
the minimum point. The construction of the e-ellipsoids is as
follows. For a given parameter estimation problem let us say the
estimated parameters p* corresponds to an error value of C*. As
a consequence C* is the minimum of the objective function C'
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for this problem. We first construct the quadratic approximation
of C around p*

al * * 1 * *
C=C"+g'(p-p)+5(-p")Glp-p)

> (54)

where g is the gradient vector and G is the Hessian at p*. Since
p* is the minimum we know that ¢ = 0. Moreover since the
point p* is the minimum of C' the G is a positive definite ma-
trix. The construction of the quadratic approximation is done by
sampling the function C' and fitting a quadratic function by least
square minimization.

Once the quadratic approximation of C' is obtained we define
the e-ellipsoid as follows:

P={plC(p)=C" +¢} (55)
where the set P is the e-ellipsoid and p is an arbitrary parameter
set. Since G is a positive definite matrix we are sure that P
is a closed surface and for all the points remaining inside P,
C(p) < C* +e.

Using the e-ellipsoid we enclose a set of parameter sets for
which each parameter set produces an evolution of the tumor
delineation that is € close to the optimum evolution created by
p*. This means if the e-ellipsoid is big for a problem then the
minimization surface is flatter therefore, it is harder to find the
minimum point. Moreover, the directions of the semi-major and
semi-minor axis of the ellipsoid provides us the coupling be-
tween different parameters.

APPENDIX D

RELATIONSHIP BETWEEN €-ELLIPSOIDS AND UNCERTAINTY

ON TUMOR DELINEATIONS

The method presented in this work estimates the parameters
of the reaction-diffusion tumor growth models using the tumor
delineations extracted from the patient MR images. Although
we do not focus on the segmentation algorithm in this work
(and we note once again that any segmentation algorithm could
be used with the proposed method), we are interested in the
variability of tumor delineation extracted from the images. The
tumor boundaries either extracted by an expert manually or by
a segmentation algorithm automatically contains a certain vari-
ability. This variability has been studied by Kaus et al. in [48].
In this work, they show that in the case of low-grade gliomas
the highest variability was seen between the delineations done
by different experts. This inter-expert variability is shown to be
around 10% by volume overlap for the dataset they used.

In Section III-B2 we presented the overall variation of the
estimated parameters by showing the shape of the minimiza-
tion surface around the optimum parameters. In doing so we
have shown the extend of the basin around the optimum param-
eters using the e-ellipsoids as explained in Appendix C. Here
we show the relationship between the variability of input tumor
delineations and the e-ellipsoids. We show that the variability of
the estimated parameters due to the uncertainty on the tumor de-
lineations is given by the e-ellipsoids. First, we start by proving
the following claim.

Claim 1: Let I'ry and I'go be two delineations of the same
tumor in the same image obtained using different methods (same
expert different time, different experts, different methods). Then

the optimum parameters obtained using Iz remains within the
262-ellipsoid around the optimum parameters obtained using
I'g1. And 62 = max(o(Tr2,Tr1), 0(Tr1,TR2)), where o is
defined in (14).

Proof: Let I's; and I'go be the simulated tumor delin-
eations computed with the optimum parameters obtained by
using I'g1 and I'go respectively. Without loss of generality, we
assume that I'g1, I'go, I's1 and I' g2 are represented by the point
sets {z7}, {4}, {y}'} and {y%} who have the same number of
elements, M.

Let us also define the functions

Yi (x;n) =argyery, min ||z; — ?J||2~/17§n € I'g;j
z; (27') =argeer,, min ||z; — z|*, 27" € g,
Then the distance of I'gs to I'g; is given as
1 : NP
LS = m )]
ieM

From this distance we can write
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1€EM

where the first step comes from the definition of y;(z;) and the
second step is an application of the triangle inequality. Using
the fact that I" g5 is the optimum simulation obtained using Iz
and placing 62
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where the second step again is derived from the definition of
y;(z;) and the third step is another application of the triangle
inequality. As a result we see that

1 ) ) 1 . .
7 2 Nl = (@) 7 < 57 3 ot = v ()| + 28,
1€M 1€M (56)

By definition of the e-ellipsoid given in Appendix C the In-
equality (56) shows that I'g5 is in the 262-ellipsoid of I's;. W

Claim 1 shows us that when we have §2 variability on one
of the tumor delineations used in the estimation of the reaction-
diffusion parameters using the proposed method then the effect
of this variability on the estimated parameters is captured within
the 262-ellipsoid as the ones given in Section I1I-B2.

The analysis given in [48] provides the inter-expert variability
in terms of volume overlap. The 10% variability on volume



overlap corresponds to an average difference of 0.32 mm be-
tween delineations for a tumor with 2 cm diameter. Based on
the Claim 1 we can say that the effect of this variability is cap-

tured within the ¢ = 0.2 mm?-ellipsoid around the optimum

parameters as presented in Fig. 6(a) and (b).
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